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On Galois Correspondence 
and Non-Commutative Martingales 



Abstract: 

The subject of this thesis is Galois correspondence for von Neumann algebras 
and its interplay with non-commutative probability theory. After a brief intro- 
duction to representation theory for compact groups, in particular to Peter- Weyl 
theorem, and to operator algebras, including von Neumann algebras, automor- 
phism groups, crossed products and decomposition theory, we formulate first 
steps of a non-commutative version of probability theory and introduce non- 
abelian analogues of stochastic processes and martingales. The central objects 
are a von Neumann algebra 9Jt and a compact group G acting on 9Jl, for which 
we give in three consecutive steps, i.e. for inner, spatial and general auto- 
morphism groups one-to-one correspondences between subgroups of G and von 
Neumann subalgcbras of dJl. Furthermore, we identify non-abelian martingales 
in our approach and prove for them a convergence theorem. 



Zusammenfassung: 

Gegenstand diescr Dissertation ist Galois-Korrespondenz fiir von Neumann Al- 
gebren und deren Zusammenspiel mit nichtkommutativer Wahrscheinlichkeits- 
theorie. Nach einer kurzen Einfiihrung in die Darstellungstheorie fiir kompakte 
Gruppen, insbesondere in das Theorem von Peter- Weyl, und in Operatoralge- 
brcn, cinschlicfilich von Neumann Algcbrcn, Gruppen von Automorphismcn, 
semidirekte Produkte und Dckompositionsthcoric, formulieren wir die ersten 
Schritte einer nichtkommutativen Version der Wahrscheinlichkeitstheorie und 
prasentieren nichtabelsche Analoga fiir stochastische Prozesse und Martingale. 
Die zentralen Objekte dieser Arbeit sind eine von Neumann Algebra 9JI und 
eine kompakte Gruppe G, die auf OJl wirkt, fiir die wir in drei aufeinander 
aufbauenden Fallen, d.h. fiir innere, aui3ere und allgemeine Gruppen von Au- 
tomorphismcn, bijektive Korrespondenzen zwischcn Untergruppen von G und 
von Neumann Untcralgcbrcn von SOT angcbcn. Dariiberhinaus identifizieren wir 
in unserem Formalismus nichtabelsche Martingale und beweisen fiir diese ein 
Konvergenztheorem. 
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Chapter 1 

Introduction 



This thesis is concerned with Galois correspondence in operator algebras and 
non-commutative probability theory as well as with their interplay. To be more 
precise, we formulate a one-to-one correspondence between von Neumann subal- 
gebras and subgroups of an automorphism group which allows the introduction 
of a non-commutative version of martingales in the framework given in |14j . 
Both subject are not only of utmost importance in mathematics but also offer 
increasingly far reaching applications in other disciplines. 

The most impressive example is the interaction of operator algebras and theo- 
retical physics, in particular quantum field theory, where von Neumann algebras 
are assigned the crucial role of algebras of local observables and one-parameter 
automorphism groups represent their dynamics [25]. Here, Galois correspon- 
dence makes an powerful and invaluable contribution to the analysis of their 
substructure which turns out to be decisive for understanding the underlying 
quantum system. 

The intense interaction between mathematics and other scientific fields also ap- 
plies to stochastic processes, in fact, their root may be traced back to botany, 
namely they grew out of efforts to give the Brownian motion a solid math- 
ematical foundation. Since then, we have witnessed them penetrating more 
and more disciplines and transferring back the benefits of stochastic methods 
notably to physics, chemistry, biology and finance [22], |24) . [39], [H]. In the 
second part of last century, the invention of non-commutative probability the- 
ory inspired by quantum theory was tackled, starting with the formulation of a 
non-commutative analogue of conditional expectation [55] and followed by non- 
abelian martingales in late seventies, see [46j and references therein. A totally 
new access to this young theory is made possible through non-commutative 
differential geometry [T7]. Quantisation of stochastic processes, e.g. Brownian 
motion, or stochastic differential equations may lead to deeper insights in el- 
ementary particle physics and disclose new non-classical effects, [13], [T], [2]. 
The first applications to finance, especially the investigation and reformulation 
of Black-Scholes model for option pricing, are proposed in [21], |12j . 

To start with, one of the greatest mathematical invention of 19th century was 
without doubt Galois theory, which connected for the first time group theory 
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with field theory and therefore allowed the affiliation of problems from the more 
complex field theory to the much better understood group theory, in particu- 
lar millennium old classical problems, e.g. constructibility of geometric objects 
with compass and straightedge, could be easily solved. It has become since then 
irreplaceable not only in mathematics but proved to be of utmost importance 
on other fields, too. 

One of the disciplines for which Galois theory has become an increasingly impor- 
tant tool is operator algebra, in particular in the classification of von Neumann 
algebras. For this purpose, one starts with a topological group G acting on a 
Neumann algebra 

a:G — > Aut{m) 

and asks for a possible one-to-one correspondence between subgroups H of 
G and von Neumann subalgebras 21 of 9Jt which consist of pointwise H-fixed 
elements. 

Ui — >^ = m^. (1.1) 

Obviously, each automorphism subgroup implies a fixpoint von Neumann 
subalgebra, but the opposite direction is by far not trivial, since von Neumann 
algebras do have a much richer structure with plenty of their subalgebras not 
corresponding to any subgroup. There have been many attempts to introduce 
such a Galois correspondence for special cases, especially for factors which play 
a central part not only in operator theory but also in mathematical physics, to 
be more specific in the algebraic approach to quantum field theory ^25j. The 
following list contains main results on this subject but it should not be regarded 
as exhaustive: 

(i) Nakamura and Takeda [H] and Suzuki [50] analyse finite Groups G with 
minimal action on factors of type Hi 971, i.e. 

{m^y nm = CI. 

(ii) Kishimoto considers a one-to-one correspondence between closed, normal 
subgroups of compact groups G and G-invariant von Neumann subalge- 
bras [35] . 

(iii) In [16j Connes and Takesaki give a Galois correspondence between closed 
subgroups of a locally compact, abelian group G and G-invariant von 
Neumann subalgebras, where G is the dual group of G. The same case 
is dealt with by Nakagami and Takesaki [40] . 

(iv) In [13] Choda investigates the Galois correspondence for discrete groups 
with outer action of G on von Neumann algebras via their crossed prod- 
ucts. 
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(vi) Izumi, Longo and Popa deal with compact and discrete groups with min- 
imal action and outer action, respectively, on factors with separable pre- 
duals [30]. They also give a generalised version to compact Kac algebras 
with minimal action on subfactors. 

Here, we are concerned with a more general setting, namely a compact group 

G acting on a von Neumann algebra Tl = (971,^), where Sj is the underlying 

Hilbert space, without assuming any additional conditions neither on the action 

of the group nor on the nature of the von Neumann subalgebras. 

First, we make sure that our investigation does not turn out to be void and 

prove at least some of the fixpoint subalgebras not to be trivial. 

In our approach, we are dealing for technical reasons separately with inner, 

spatial and general automorphisms. We call a group of automorphisms 

a{A) = UAU*, A^m, (1.2) 

inner or spatial, if the unitary operator U G Tl or U £ respectively, 
whereas general automorphism groups are supposed not to have such a descrip- 
tion. We start our investigation with the inner case which constitutes the main 
pillar of the analysis. There, we examine Galois correspondence of the following 
kind 

H < — >^ = m^ with 21" = 21, 

where 21' := 21' H 971 denotes the relative commutant of 21. Since a spatial 
automorphism on 9Jt is inner on C{Sj) one may transfer the procedures and 
some results from the inner to the spatial case where relative commutants turn 
to usual commutants, i.e. 

H < — . 21 = 9Jl" with 21" = 21. 

The general setting is then built on the spatial case by shifting the analysis onto 
the crossed product 971 Xq, G where the existence of a spatial automorphism 
group 

TTaOa-.G — > £(L2(G,^)) 

is always ensured. Thus, we may apply the results already obtained for the 
inner and spatial actions on 971 to the crossed product and project them back 
onto 971 itself. 

One of our main tools for the analysis of all three cases is Peter- Weyl theorem 
which ensures one for compact groups G a complete orthonormal system in 
L^(G) and, thus, provides a decomposition of the space i^(G) into G-invariant 
subspaces. 

Our formulation of non-commutative martingales is based on the ansatz of 
Coja-Oghlan and Michalicek [H]. A real valued random variable on classical 
probability space {Q,A, P) from the functional analytic viewpoint is understood 
as 



(1.3) 
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namely a *-homomorphism from an abelian C*-algebra to an abelian von Neu- 
mann algebra. Now, they introduce its non-commutative counterpart by al- 
lowing general, i.e. non-commutative, algebras on both sides of 11.31 Random 
variables are then determined as mappings from a C*-algebra 2t to a von Neu- 
mann algebra DJt, 

X : 21 — >m, 
X* : e{m) — > 6(21), 

where ©(•) denotes the state space, and probability measures are represented 
by normal states. Thus, a non-commutative probability space is represented 
by the pair (JM, ip) consisting of a general von Neumann algebra 9Jt acting on 
a Hilbert space and a normal state if on dJl. In this framework, conditional 
expectations are projections from 9Jt onto a von Neumann subalgebra 91, i.e. 

£ -.m — >m, 

satisfying some obvious conditions, and filtrations are given as a increasing 
sequence of von Neumann subalgebras (jMt)teT such that their union is dense 
in 99t. Finally, we define a non-abelian martingale with respect to the filtration 
{Tlt)t£T in ^ as an increasing sequence {Xt)teT of random variables on (9Jt, 
fulfilling for all s, t G T with s < t 

£{Xt\Tls) = Xs. 



This thesis is structured as follows. 

The second chapter will be concerned with the very basics of representation 
theory for compact groups. Our main aim is the formulation of Peter- Weyl 
theorem, the equivalent of Fourier series for compact groups, which constitutes 
one of the main pillars of our analysis. 

In chapter three we give a compact abstract of operator algebras confining our- 
selves to the most important notions and facts of particular importance. We 
will start with an introduction into C*-algebras, von Neumann algebras and 
their one-parameter automorphism groups comprising together the setting of 
modular theory, which is applied throughout this thesis. Crossed products are 
discussed which, as aforementioned, form one of our main tools in the investi- 
gation of general compact automorphism groups. Last but not least, decompo- 
sition theory is given in a nutshell which is needed to prove the invariant spaces 
being not trivial. 

Our approach to non-commutative probability theory is discussed in chapter 
four. The formalism of Coja-Oghlan and Michalicek [TJ] is recapitulated upon 
which we give non-commutative analogues of conditional expectations, stochas- 
tic independence, stochastic processes and martingales. 

The bulk of our results is depicted in chapter five where we begin with the 
analysis of general invariant subspaces of von Neumann algebras 9Jl and their 
dual algebras Next, we deal with Galois correspondence for the inner. 
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spatial and finally general automorphism groups. The investigation of Izumi et 
al. ^30j is localised in the framework of our ansatz. At the end, we apply our 
results to non-commutative probability, namely we identify non-commutative 
martingales and prove a convergence theorem for them. 
We conclude this thesis we a summary and outlook. 



Introduction 



Chapter 2 

Representations of Compact 
Groups 

Just go on... and faith will soon return. 

Jean Lc Rond D'Alembert 
To a friend hesitant with respect to infinitesimals. 

The Fourier transform is indeed one of the most powerful concepts in mathe- 
matics. It states that any square integrable function from the one-sphere to the 
complex numbers 

f -.S^^ IR/Z = (e^^l X G [0, 27r]} — ^ C 
can be approximated in a Fourier series 

where the Fourier coefficients arc given as 

1 f'^'^ 

ak ■■= ^ f{x)e-''"^dx. 

The generalisation of this statement to arbitrary compact groups is the so-called 
Peter- Weyl theorem, namely if G is a compact topological group, [{arj,S)a)}^^j2 
a complete family of inequivalent unitary, irreducible representations of G, {e^} 
an orthonormal basis of Sj^, then 




where Dij{g) := {a^{ej),ei) are the so-called matrix elements and do- the di- 
mension of a^, form a complete orthonormal system in L^(G). Moreover, the 
matrix coefficients form a dense subalgebra of C(G) and of L^(G) with respect 
to the supremum norm and the L^-norm, respectively. They may be seen as 
the analogues of e**^^. 
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This theorem is insofar of prime importance for this investigation as it enables 
the decomposition of L-^(G) into subspaces invariant under the action of G. 
The following composition of basic facts and main results is excerpeted mainly 
from [6], [23] and [26]. 



2.1 Representations of Compact Groups 

To start with, the following theorem allows one to deal with only unitary rep- 
resentations in the case of compact groups. 



Definition 2.1 A representation a : G — > is said to be the direct sum of 
subrepresentations ai : G — > on a-invariant subspaces S^i ifSj = ^® Sji. 



Definition 2.2 A representation a : G — > ^(-ft) is said to be irreducible, if it 
has no proper a-invariant subspaces. a is called completely reducible if it is a 
direct sum of irreducible subrepresentations. 



Theorem 2.3 Let a : G — > be a representation of a compact group G 

on a Hilbert space ^, then there exists a new scalar product in with equivalent 
norm to the original one and which defines a new unitary representation of the 
group. 

Proof: One introduces a new scalar product in terms of the original one (•, •) by 




n 




For the induced norms one obtains 




2.1 Representations of Compact Groups 
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On the other hand we may write 

/ \ 2 



\U\\ 



< sup lla^ll {a^{u),a^{u)) 
\9&G J 

\ ^ 

sup||a^|| / (^a^{u),a^{u))dg 



sup ||a^|| {u,u)n 

^9111 IU,I|2 



= sup \\a- 
\geG J 

Therefore, the equivalence of the norms is established as well as that of their 
induced strong topologies, i.e. the map g i— a^, g E G, has to be continuous 
with respect to the new topology. 

Each operator a^^ is isometric with respect to the new scalar product and its 
domain is the whole Hilbert space, since for all u,v e Sj one has 

{a^{u),a\v))dg 



= {U,v)n, 

where 51,52,5 e G. 



□ 



Definition 2.4 Two representations ai : G — > /^(-^i) and a2 : G — > -^(-^2) 
on the Hilbert spaces Sji and 9)2, respectively, are said to be equivalent, denoted 
by CKi 2± q;2, if there exists a unitary operator U : S)i — ^ S)2 such that 

al = UalU-^, V5GG. 

The set of all equivalence classes is denoted by T, = S(G) and their elements 
by a. 

Lemma 2.5 Any finite- dimensional unitary representation a : G — ^ ^{^) is 
completely reducible. 

Proof: If S)i is a proper invariant subspace of f), then so is its orthogonal 
complement 9)^ and one obtains the decomposition = f)i ® S)i . In our 
finite-dimensional case we may proceed with this recipe until we achieve a de- 
composition of 9) into irreducible a-invariant subspaces. 

□ 
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Proposition 2.6 For every unitary representation a : G — > of a com- 

pact group G and a fixed vector u & Sj the so-called Weyl operator 

Kuv:= / {v,a'J{u))a'^{u)dg, \/v e Sj, 
JG 

has the following properties: 
(i) Ku is hounded; 

(a) Ku commutes with oP for all elements g of G and vectors of 9); 
(Hi) Ku is selfadjoint; 

(iv) Ku is a Hilbert- Schmidt operator; 

(v) Ku has only a-invariant eigenspaces Sji; 

(vi) The Hilbert space Sj is spanned by the eigenspaces Sji of Ku, i-C. Sj = 
Sjo + J2f Sji, dimi^j < oo, where Sjq is the in general infinite- dimensional 
0-eigenspace. 

Proof: 

(i) Boundedness may be seen as follows: 

< / \{v,a3{u))\\\a3{u)\\dg < [ \\v\\\\a^ {u)\\\\a3 {u)\\dg = \\v\\\\uf 

Jg Jg 

(ii) The commutation property is ensured for all v E and 51 G G by 

Kua'^'{v)= [ {a^'{v),a^^{u))a3^dg2 
Jg 

{a3'{v),a^'32(^u))a3'3^dg2 



G 



= f {v,a3^{u))a^^^^dg2 
Jg 



IG 

a'^'iKuv). 



(iii) K* = Ku follows from: 

{KuV,w) = {v,a^{u)){a'^{u),w)dg 
Jg 



= { V, 

IG 

{v, Kuw) 



iw,a^{u)) dp (u) \ dg 



2.1 Representations of Compact Groups 
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(iv) Let {cj} be a basis in Sj, then one obtains: 

Y,\\Kue£ = Y,l I {e^,a^'iu)){a^'iu),a^Hu)){a^^u),e^)dgidg2 

G G ^ 

^{a3^{u),a3^{u)){a3^{u),a3^{u))dgidg2 < oo, 



G JG 

where Lebesgue's theorem has been appHed to the second equation. Since 
we assumed no conditions on the basis, has to be a Hilbert-Schmidt 
operator. 

(v) Since each Sji is finite-dimensional the statement follows directly from 
Lemma [ 



(vi) This is a direct consequence of Rellich-Hilbert-Schmidt spectral theorem, 
confer [6l p. 655]. 

□ 

Theorem 2.7 All irreducible unitary representations of a compact group G are 
finite- dimensional. 

Proof: In Proposition 12.61 we have seen that Kua^^{v) = a^^{Kuv), and hence 
K*a^^{v) = a^^{K*v) for all 5 G G and u,v G Sj. This implies for the Weyl 
operator the structure = (3{u)l leading to 



{KuV,v) = / {v,a^{u)){a^u),v)dg = P{u){v,v) 
JG 

and therefore to: 

|2 



\{a^{u),v)\'dg = l3{u)\\vf. (2.1) 



IG 

By changing the variables in the latter equation we obtain 

/3iv)\Wf= [ \{a^{v),u)fdg= [ \{u,aS{v))fdg 
JG JG 



|(a^ {u),v)\'^dg = / \(^a^ {u),v)\'^dg 



= pt)\\vf 
=^ (3{u) = c\\u\\, 

with c = const and where we have used the relation 



f{g-')dg= [ f{g)dg. 

JG 
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The constant c can be identified as positive by setting u = v with ||m|| = 1 in 
Equation 12.11 Choose now an arbitrary orthonormal basis {ei}i^n in S) and set 
u = Ck, k & n, and v = ei, then Equation 12.11 becomes 

/ \{a'{ek),ei)\^dg = p{ek)\\eif = c. (2.2) 
Jg 

We complete the proof by using Parseval's inequahty: 

nc = '^ \{a^{ek),ei)fdg = ^ | (a^ (e^), ei) l^d^- < / \\eifdg = l, 
namely the dimension n of the Hilbert space S) has to be finite. 

□ 

Theorem 2.8 Every unitary representation a : G — > C{S)) of a compact 
group G on a Hilbert space S) can be written as a direct sum of irreducible 
finite- dimensional unitary representations. 

Proof: First of all, the subspace Sj Q Sjq cannot be empty, because one has 
{KuV, v) > for all vectors v € not being orthogonal to u and can therefore be 
expressed as a direct orthogonal sum of finite-dimensional invariant subspaces, 
i.e. ^0 = Ylf ^i- Each Sji can be decomposed into a direct, orthogonal 
sum of irreducible and a-invariant subspaces, as shown in the proof of Lemma 
12. 5[ Concerning Sjo, we construct for it a Weyl operator which, due to Lemma 
12.51 and the properties (v) and (vi) in Proposition 12.61 ensures the existence 
of a non-trivial, finite-dimensional, minimal and a-invariant subspace of ^o- 
Finally, the smallest subspace Sji of S) which includes all minimal, orthogonal 
and invariant subspaces must be the whole Hilbert space itself, since unitarity 
of a and a-invariance of implies a-invariance for its complement Sjj^. But 
this enforces Sj^ = and therefore i^i = ^, otherwise Sj^ would contain a 
non-trivial, a-invariant finite-dimensional subspace, contrary to its definition. 

□ 

2.2 Peter- Weyl Theorem 

Definition 2.9 Let a : G — > >C(ij) be a n-dimensional representation of a 
group G on the Hilbert space and {ej}jg„, n < oo, an orthonormal basis of 
f). We define the matrix element with respect to the operator , g £ G, as 

Dijig) := {a^{ej),ei). 

We will denote these elements of all finite- dimensional, continuous and unitary 
representations of G byD{G). 

Lemma 2.10 The set S)(G) of all coefficients constitutes an involutive algebra 
over C, the so-called coefficient algebra ofG. 



2.2 Peter- Weyl Theorem 
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Proof: Let {ai,Sji) and (a2,^2) be two continuous, unitary and irreducible 
representations of G and ^i, ?7i G ^i, ^2, ??2 G ^2 and ci, C2 G C. Then, hnearity 
is given by 

where wc have set a := ai © 02, := ci^i + 02^2 and r/ := r/i + r/2. 
For n-dimensional and m-dimensional Hilbert spaces ^" and S)"^, respectively, 
the space jO,{S)"',S)'^) of of all linear mappings from Sj^ to ij"* has dimension nm. 
Their orthonormal bases {Ci,...,Cn) and (771, 77^) determine an orthonormal 
basis for C{Sj^,Sj"^) = ij"™' as {Eij\ Eij^k '■= ^ikVji i ^ Ri j ^ IR}- The tensor 
product of two continuous, unitary and irreducible representations ai and 02 
on ij" and Sj"^, respectively, is defined as 

(ai®a2)^(^) ■.= alBaf\ VS G ij"^), V5 € G, 

which turns out to be continuous and unitary but not irreducible. If we denote 
by (Aij)^, i,j = l,...,n, and {Aij)2, i,j = l,...,m, the matrices corresponding 
to ai and 02 and in terms of (.^1, ...,^n) and (771, ...,77^), respectively, then we 
obtain: 

((ai ® a2y{Eij), Eki) = ((ai ® a2Y{Eij))^^ 
= (a{E,,aC)^^ 

— ^ ^ (^fcm)i (-^ij)mw(^n^)2 

nm 

where he have set 02^ := ccf for which one has (02 ^ (rji) , rjj) := (af {'nj)^Vl)- 
Thus, the coefficients of the tensor product ai (8) 0:2 are identified with the 
product of the coefficients of cti and ^2, i.e. the set S)(G) is closed with respect 
to multiplication. The introduction of the involution in 2)(G) 

{a^{0,r]) := (a^O,^), V^, r? G ij, V5 G G, 
completes the proof. 



□ 



Theorem 2.11 If ai : G — > ClSji) and 02 : G — > ^^(^2) cli"^ two irreducible 
unitary representations of a compact group G on the Hilbert spaces S^i and 9)2, 
respectively, and di is the dimension of ol\ , then their matrix elements satisfy 
the following relations: 



L 
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Proof: Let (eij) := i,j,m,n = 1,2, ...,ds, then the operator 

Eij := / afcija^ dg 
Jg 

fulfins for all gi £ G 

afEij=Eijal\ (2.3) 
For non-equivalent representations ai and 02 one obtains due to Schur's lemma 

^ DUg)D%{g-^)dg = Dl{g)D%{g)dg = (2.4) 

Eij = 0. 

The operator Eij satisfies obviously for ai = a2 the commutaion relation 12.31 
which in turn implies 

Eij = \ijl. (2.5) 

Therefore, the orthogonality relation 12.41 are ensured for pairs 7^ 
For pairs = {k,j) one obtains by definition and 12.51 

{Eu)^i = I Dliig)D%{g-')dg = j \D}i{gf dg = X^. 

The constant is determined via the definition of Eij as 



Tr [Eii) = diXii = [ Ti 
Jg 



dg = Tieu = 1, 



i.e. = ^. 



□ 



Definition 2.12 The trace of a finite- dimensional representation a of G is 
called character of a and is denoted by x{9) •= Tr , g £ G. 

Lemma 2.13 Let G be a compact group, x(S'); Xiid) c-i^d X2{g) be the charac- 
ters with respect to the representations , a\ and of, g £ G, of the group on 
the Hilbert space Sj, respectively. Then the following statements hold: 

(i) X{g) = Dii{g); 

(ii) X{92^9i92) = Xidi); 

(Hi) xig"^) = xi9); 

(iv) xi = X2 whenever ai ~ 02/ 
(v) 



Xi{9)X2{g)dx 



0, ai / a2 

1, ai = a2 



2.2 Peter- Weyl Theorem 
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Proof: Let {ei}jg„ be an orthonormal basis of Sj. 

(i) xig) = Tr = {a3{ei),ei) = Du{g)- 

(ii) X{92^gi92) = Tr 0^^2-^9192 = ^ {aS^'aa^aa^) = x(9i); 

(iii) x{9-^) = T> a^"' = (af"')* = = xio) ; 

(iv) By assumption there exists a unitary operator U such that 02 = UaiU~^. 
Thus we may conclude X2 = Tr 02 = Tr {UaiU~^) = Tr ai = xi; 



(v) The apphcation of Theorem 12.111 verifies this claim: 

Xi{g)-2{9)dx = f Di{g)^^{g)dx=r; «i / 02 _ 
Jg [3, ai = 02 

□ 

We have now the ability to formulate the main statement of this chapter. 

Theorem 2.14 (Peter- Weyl) Let G he a compact group, : G — > ^i^) 
an irreducible unitary representation belonging to the equivalence class o" G S = 
S(G), da the dimension of and D'^^[g), g £ G, the matrix elements of a^, 
then the functions 

Vd^Dj,,{g), j, k = l, d^, 
constitute a complete orthonormal system in L^(G). 

Proof: Throughout the proof the letters 51,92153 and g will be elements of 
G. Since each linear closed subspace L of L^(G) spanned by the functions 
Vd^Djf^{g) are invariant under right translations a^, the orthogonal comple- 
ment L"*" has this property, too. Let f be a nontrivial element of then 

"(51) := / [a^'^v{g2)]v{g2)dg2 
Jg 

is a continuous function on G belonging to L"*- and n(e) = > 0. Consider 
the operator 

-4^^(51) := / w{gig2^)Tp{g2)dg2, 
Jg 

w{9) ■= u{g) +n(fif-i), 
which is self-adjoint, compact and Or-invariant: 



G 



[af (A^/;)] (51) = 1^ w{gig3g2 ^)i'i92)dg2 
{9i92^)i^{9392)dg2 
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Since n 7^ and therefore w ^ 0, A has to have at least one nontrivial eigenvalue 
A with the corresponding eigenspace ^(A). An arbitrary eigenfunction ip\{g) of 
A has to be an element of L^: 

! M9)Wji9)dg = \l iA^x){9)Df:{9)dg 

= tE / H9i)WM)dgi [ M9)W,i9)dg 

k 

= 0. 

A inherits its a^-invariance to its eigenspace S)x and one defines a completely 
reducible representation by 

a^'(V'A(fi'2)) := ^\{g2gi)- 

Let ^cr(A) C -Q(A) be an irreducible subspace equipped with an orthonormal 
basis {e'^}keda then one obtains G L, since one has 

«f e^fe) = e^feffi) = I)J,(5i)eJ(<72) 

and thanks to the continuity of the eigenfunctions 

e^(<7i) = I)Jfc(5i)4(e). 

Consequently, ^(A) = {0} contrary to the assumption and therefore must 
be trivial. 

□ 

Remark: Two important consequences of Theorem 12.141 are that the matrix 
coefficients form a dense subalgebra of C°°(G) and of L^(G) with respect to 
the supremum norm and the L^-norm, respectively. 
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Automorphism Groups on von 
Neumann Algebras 

Alles sollte so einfach wie mdglich gemacht sein, 

aber nicht einfacher. 

Albert Einstein 

In this chapter we want to give in a nutsheh the basic terminology and some 
concepts of operator algebras which are used throughout this thesis. We are 
concerned with C*-algebras and von Neumann algebras, investigate their auto- 
morphism groups, in particular modular automorphism groups, and conclude 
with non-commutative integration and crossed products. 

In the following we present a number of definitions and statements collected 
mainly from [5l\, [52], [TO] and [39]. 

3.1 C*- Algebras, von Neumann Algebras 

An Algebra 2t is a complex vectorspace equipped with a bilinear, associative 
product 

21 X 2t — > 21. 

The algebra is said to be commutative or abelian, if the product possesses these 
properties. A map 

* : 21 — >2l 

A* 

is called involution of 2t, if for all A,B G 21 and a,b £ C the following conditions 
are fulfilled: 

• {A*)* = A; 

• (aA + bB)* = aA* + bB*; 
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• {AB)* = B*A*. 

A* is called the adjoint of A and an algebra with such an involution involutive 
algebra or *-algebra. The set of all self-adjoint elements A of 21, i.e. A* = A, 
will be denoted by ^sa- Since the involution is norm continuous Sl^a is closed 
and therefore a Banach space. The unital algebra contains the neutral element 
1. If the *-algebra is also a Banach space and is satisfying 

P*|| = Pll, \/A€% (3.1) 

then it is said to be a Banach *-algebra or i?*-algebra. 

Definition 3.1 A * -algebra H is called U* -algebra, if its unitisation il^ is the 
linear span of its unitary group (11^ )w. 

The ?7*-algebra can be equipped with a norm || • : il — ^ JR^ by the 
so-called unitary norm 

{n n "^ 

^|Ai|| A = Y,\^iUi, neN,XieC,Uie{ii^)A. (3.2) 
1=1 1=1 J 

Definition 3.2 A -algebra ^ is a Banach* -algebra, i.e. 21 is a Banach alge- 
bra with involution and \\A*\\ = \\A\\, such that 

\\A*A\\ = \\Af, V^g21. (3.3) 

21 is said to be simple, if the only closed ideals are {0} and 21 itself. 

It can be shown that an abelian and unital C*-algebra 21 is (isometrically) 
isomorphic to C{X) where X is a compact Hausdorff space. In the case of a 
non- unital C*-algebra, 21 is (isometrically) isomorphic to Cq{X), if X is locally 
compact. In both cases the space X is uniquely determined up to homomor- 
phisms. The Hausdorff space X can be chosen as the set of characters of 21. 

Definition 3.3 A character of an abelian C* -algebra ^ is a nonzero linear map 

lj:^ — 

with the property 

io{AB) = io{A)io{B), yA, S G 21. 

Definition 3.4 A C* -algebra 9Jt is called W* -algebra, if it is the dual space of 
some Banach space. 

If one is concerned with operator algebras, then it is usual to call VF*-algcbras 
von Neumann algebras. Sakai has proved that the abstract characterisation of 
von Neumann algebras given above is equivalent to the more usual definition 
via the commutator. Let be a Hilbert space and the algebra of linear 

bounded operators 

A-.f) — 
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equipped with the norm 

\\A\\ := sup WAipW < oo. 

Define the commutant 2t' of 21 as the algebra 

21' := {X G C{S)) : XA = AX,Ae 21} 

which has the following properties: 

2t C 21" = 2l(^) = 2t(^) = • • • , 
2t' = 21"' = 2l(5) = 2l(^) = • • • , (3.4) 
where 21^"+^) := (2l("Y. 

Then, a von Neumann algebra 9Jt can be characterised via its double commutant 
by the requirement Tl = 9Jt". 

Theorem 3.5 Every *-algebra Tl C C{9)) is a von Neumann algebra if and 
only ifm = m" holds. 

Proof: Confer [54^ Theorem 3.5.]. 

□ 

Examples 3.6 Let be a Hilbert space. 

(i) C{Sj) is not only a von Neumann algebra, but even a factor since C{S^y = 
CI, confer DefinitionlEM 

(a) The C* -algebra of compact operators CC{9j) on Sj cannot be a von Neu- 
mann algebra, because CC{S))" = (CI)' = C{S)) ^ CC{9j). 

In this thesis we will make extensive use of the following notion. 

Definition 3.7 The relative commutant of a subalgebra ^ of a C* -algebra 21 
is denoted by *B', i.e. := *B' n2l. 

For further discussions on von Neumann algebras, additional topologies apart 
from the uniform topology are needed. There are many in general inequivalent 
representations of a C*-algebra by bounded operators on a Hilbert space which 
form always a closed algebra with respect to the uniform topology. But for a 
detailed analysis one relies on approximations of these operators and is therefore 
interested in weaker topologies. For the sake of completeness, we introduce the 
most important ones although we will not make use of all of them explicitly. 

Definition 3.8 On C{Sj) we distinguish between the locally convex operator 
topologies defined by the following sets of seminorms: 

(i) a-weak: p(g„)^(^^)(^) := |E(Cn,^??n)| for all U,Vn G ^ 

n 

with EdiCnf + WVnW^) < oo; 
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(a) weak: p^,rj{A) := \ {C,Ar])\ for all ^,77 G Sj; 
(in) strong: p^{A) := \\A^\\ for all ^ G Sj; 

(iv) a-strong: P(^„)(-4) := EP^nlP for all U e with J2Un\\^ < 00; 

n n 

(v) * -strong: A ^ p^{A) -\-p^{A*) for all C € ij; 

r 1 

(vi) a* -strong: A ^ "EW^inf + for all ^„ G 9); 

L n n ) 

with EllCnf < oo- 

n 

For our purposes the cr-weak and cr-strong topologies will be of particular inter- 
est, because the modular group of automorphisms is continuous with respect to 
them. If wc denote by "<" the relation "finer than" , then the following diagram 
shows the relation between the various topologies: 

uniform < (7*-strong < cj-strong < cj-weak 
A A A 

*-strong < strong < weak . 

"Finer" means the existence of more open or closed sets, less compact sets, 
more linear functionals and less convergent sequences. The cr*-strong, cr-strong 
and cr-weak topologies allow for the same continuous linear functionals. This 
statement remains true if one drops the 'cr-'. The main difference between the 
*-strong and the cr*-strong topology is the fact that the involution A A* is 
only continuous with respect to the former topology. 

On several occasions we will follow the notation of common literature on topol- 
gies in locally convex spaces. For such a space X we denote the weak topology 
by a{X,X*), i.e. the topology generated by the semi-norms 

px*{x) ■.= \x*{x)\, x*ex*. 

Analogously, the semi-norms 

px{X*):=\X*{X)\, xex, 

generate the so-called weak*-topology denoted by a{X*,X). 

Proposition 3.9 The unitary operators U{Sj) on a Hilbert space S) form a *- 
strongly closed group. 

Proof: Choose an arbitrary sequence {Ui)i^f^ converging *-strongly toU E C{S)), 
then one obtains for all G ij: 

m\\ = \m\\ = m, \\u*a = \m\\ = ui 

I— >0O I— >oo 

Thus both U and U* are isometrics, i.e. J7 is a unitary operator. 
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□ 

The strong*- , the strong and the topologies coincide on U{S)), but in the case 
of infinite dimensional Hilbert spaces U{9)) does not to be strongly closed and, 
in general, the strong limit of unitary operators is an isometry, not necessarily 
unitary. 

The following theorem shows the equivalence of these topologies in the case of 
von Neumann algebras. 

Theorem 3.10 (Bicommutant -) XeiSl C JC-{S}) be a nondegenerate * -algebra, 
i.e. [Slij] := {spanA^\ A E E S)} = Sj, then the following statements are 
equivalent: 

(i) 2t = 21". 

(a) 21 is weakly closed. 
(Hi) 21 is strongly closed. 

(iv) 21 is * -strongly closed. 

(v) 21 «s a-weakly closed. 

(vi) 21 is CT -strongly closed. 

(vii) 21 is (J* -strongly closed. 

Proof: Since the commutant of a self-adjoint set is closed with respect to all 
locally convex topologies, (i) implies the rest of the statements, (v) =^ (vi) ^ 
(vii) are trivial, (vii) =^ (v) follows from the fact that every (T*-strongly contin- 
uous functional is also cj-weakly continuous and (ii) => (Hi) =^ (iv) ^ (vii) are 
evident. Consider now the countable infinite sum Sj := with Sjn '■= ^ 

for all n G N, then the map 

TT : £{S}) £{S}) 

A ^ ^{A), TTiA) ^0e,j :=) (^©^^nj 

defines a *-automorphism of jO.{Sj) into a subalgebra of JC.{Sj), thus {vi) (i) is 
valid. 

□ 

Therefore, a von Neumann algebra is a weakly closed C*-subalgebra of jO-{Sj). 
The bicommutant theorem also states that the closure of the *-algebra is inde- 
pendent of the choice of a particular topology. An immediate consequence of 
which is the next conclusion. 

Corollary 3.11 (von Neumann density -) The nondegenerate *-algebra of 
operators ^ on S) is weakly, strongly, * -strongly, a-weakly, a -strongly and a*- 
strongly dense in 21". 
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Proof: Let 21 be the closure of 21 with respect to one of the topologies, then one 
has 2t' = 21 and therefore 21" = 21 = 21, where the second equation is justified 
by Theorem 13. 10[ 

□ 

This statement can be tightened and a stronger version is formulated by Ka- 
plansky. 

Theorem 3.12 (Kaplanskys density -) Let^ be a* -algebra of operators on 
S), ^HJl its weak closure and 2li and QJti their unit balls, respectively. Then 2li is 
a* -strongly dense in 

Proof: Since 2li is norm dense in the unit ball of the normal closure, we may 
assume without restriction that 21 is a C*-algebra. Moreover, Theorem 13. 101 21 
is also (T*-strongly dense in Tl and therefore 2lsa, the self-adjoint operators of 
21, are a-strongly dense in Tlsa- Since the function 

/:[-!,!] ^[-1,1] 

X ^ f{x) := 2x{l+x^)~^ 

is strictly increasing, the map 

/ : CiSj)sa m)sa 

f{A) := 2A{\ + A^Y^ 

maps for all C*-algebras !B C C{S)) !Bsa into 5Si,sa- For all A,B ^ C{S))sa one 
has 

\[f{A) - f{B)] = (1 + [^(1 + B'') - (1 + A^)B] (1 + 

= (1 + _ B){1 + ^2)-! 

+ (1 + A^)-^A{B - A)B{1 + B"^)-^ 
= (1 + A^r\A -B){1 + BY' + \f{A){B - A)f{B), 

i.e. / is strongly continuous since ||(1-|-j4^)~^|| < 1 and ||(1 + < 1 and 

f{A) converges to strongly to f{B) whenever A tends strongly to B. f must 
be also cr-strongly continuous because these two topologies coincide on the unit 
ball. Thus 2li,sa = fi^sa) is (7-strongly dense in Tli^sa = /(9?tsa)- 

□ 

Definition 3.13 Let 21, S be (T -algebras then a linear map vr : 21 — > 03 is 

called a * -homomorphism if 

(i) tt{AB) = t:{A)tt{B) and 
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hold for all A, S G 21. 

The notions mono-, epi-, iso-, endo- and automorphism are introduced in the 
usual manner. We want to keep hold of some fundamental and frequently used 
properties of *-homomorphisms in the below lemma. 

Lemma 3.14 LeiSt and 55 be C* -algebras and it : 2t — > *B a* -homomorphism. 
Then the following statements are valid: 

(i) vr preserves positivity: A G 21+ := {A G 2lsa| cr{A) > ^ '^i^) ^ 0- 

(ii) IT is continuous and \\(j){A)\\ < \\A\\, i.e. vr can only decrease the norm. 

(Hi) vr is an * -isomorphism if and only ifkeiTT := {A G 21 : 7r{A) = 0} = {0} 
is fulfilled. 

(iv) An * -isomorphism is automatically isometrical, i.e. norm preserving: 
h{A)\\ = \\A\\. 

(v) If TT is an * -isomorphism, then the image 7r(2l) of a C* -algebra 2t is again 
a C* -algebra. 

Proof: 

(i) An arbitrary positive element A G 21 can be written as A = B*B for some 
i? G 21 and one concludes 

tt{A) = tt{B*B) = 7r(B)*7r(S) > 0. 

(ii) Let us first assume self-adjointness for A, then one has 

||7r(^)||=sup{|A||AGa[7r(^)]}|| 

Consider the projection P := 7r(l2i), i.e. = P, where I21 is the identity 
in 21, If one replaces 53 by the new C*-algebra P^P, then P becomes the 
identity of the new algebra *B with 7r(2l) C 53. Consequently we obtains 
the following estimations: 

MA)f < sup {\X\\Xea^{A)} <\\Af. 

The general case where A is not self-adjoint and thus both statements 
follow from the C*-norm property 13.31 

h{A)f < ||vr(A*.4)|| < \\A*A\\ < \\Af, VA G 21. 

(iii) The *-homomorphism is a *-isomorphism if and only if its range is equal 
to 53, i.e. kervr = {0}. 

(iv) As vr is an isomorphism its kernel has to be trivial and tt"^ exists. The 
statement is then a result of (ii): 

\\A\\ = ||7r-i(7r(A))|| < ||7r(^)|| < (3.5) 
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(v) Obviously, 7r(2t) is a *-subalgebra of *B. Because 21 is as a C*-algebra 
closed and, due to (iv), n is an isometry, 7r(2l) is closed, contains the 
identity and inherits the C*-norm property from 21 and thus forms a C*- 
algebra. 

□ 

The last statement remains valid if vr is only a *-homomorphism. In the case 
of von Neumann algebras one can state stricter properties of *-homomorphism, 
namely each *-homomorphism vr : DJt — > between von Neumann algebras DJt 
and or is a- weakly as well as c-strongly continuous. 

Definition 3.15 A representation of a C* -algebra^ is ein pair (S^ , tt) , consist- 
ing of a complex Hilbert space Sj and a * -homomorphism ir : 21 — > ^(^), and 
is said to be faithful if ir is a * -isomorphism, and nondegenerate if 

{veSj: ir{A)v = 0, ^ E 21} = {0}. 

A subspace ^ C Sj is called invariant under 7r(2l) if Tr{A)^ C ^ holds for all 
^ G 21. Whenever {0} and are the sole invariant and closed subspaces we call 
the representation {S),tt) irreducible, otherwise reducible. Two representations 
{Sji,iTi) and {Sj2,'^2) o-f^ said to be unitarily equivalent if there exists an unitary 
operator U : Sji — > Sj2 such that tt2{A) = UttiU* . If the two Hilbert spaces are 
connected via an * -isomorphism the we speak about (quasi-) equivalence. 

Corollary 3.16 The representation (^,vr) of a C* -algebra 21 is faithful if and 
only if one of the following equivalent conditions are satisfied: 

(i) kervr = {0}. 

(ii) ||7r(A)|| = \\A\\, G 21. 

(Hi) ^{A) > 0, VA G 21+. 

Proof: Faithfulness is obviously equivalent to (i). The implication [i) ^ [ii) is 
valid since ker vr = {0} ensures the existence of the inverse of vr and one applies 
the Estimation 13.51 

If we assume {ii) then for strictly positive elements A we get ||vr(yl)|| = ||^|| > 
and thus vr(A) > or vr(y4) < 0. But the first claim of Lemma 13.141 states 
vr(A) > and therefore {Hi) follows. 

Let us assume kervr 7^ {0}, namely there exists an element A G kervr with 
A^O and vr(^) = 0, thus 7r{A*A) = 0. On the other side one has ||^*^|| > 
and = / and therefore A* A > 0. Consequently, {i) is falsified. 

□ 

Each representation (^,vr) of a C*-algebra 21 defines a faithful representation 
for the quotient algebra 21,^ := 21/ ker vr. The representation of a simple algebra 
is alway faithful. 
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Definition 3.17 Let be a von Neumann algebra on a Hilbert space Sj, then 
a subspace Sj' C. is said to be separating for Tl if and only if = implies 
^ = for all A e ^ and ^ & S)' . A cyclic representation is a triple {Sj,tt,^), 
where (i3,7r) is a representation of ^ and ^ E S) is a cyclic vector for tt in Sj, 
i.e. {7r(^)^ : A e '01} is dense in S^. 

Corollary 3.18 For a von Neumann algebra dJl on a Hilbert space S) and ^ C 
S) cyclicity of M for dJl is equivalent to M being separating for DJt' . 

Proof: Let be a cyclic set for M, ^ e M and A' e M' with A'^ = {0}, then 
one has for all elements of 931 

A'B^ = BA'^ = 0. 

This implies ^'[971.^] = and therefore A' = 0. If, on the other hand, ^ is 
separating for 93t', then P' := [9Jt/C] is a projection in 93t' satisfying 

(l-P')-*^ = {0}. 
Therefore 1 — P' = and [TIA] = S), i.e. R is cyclic for 9Jl. 

□ 

Thus, if the vector ^ G 55 is cyclic and separating for the von Neumann algebra 
9Jl, then, since 9Jl = 9Jt", it has these properties also for its commutant 9Jl'. 
Every nondegenerate representation of a C*-algebra can be described as a direct 
sum of cyclic sub-representations. Therefore, the discussion of such representa- 
tions can be restricted to the investigation of the cyclic ones. 

Definition 3.19 Let Oi be a unital C -algebra and uj : 21 — > C a linear func- 
tional on 21, then u is said to be 

(i) hermitian, ifuj{A*) = ll>{A) for all A G 21; 

(a) positive, ifuj{A) > for all A e 01, A> 0; 

(Hi) a weight, if u is positive; 

(iv) a state, if u is positive and normalized, i.e. = 1; 

(v) a faithful state if uj is a state and uj{A) > for all A G 21+ , the set of 
positive elements ofOl; 

(vi) a trace, if uj{AB) = u:{BA) for all A,B e 2t; 

(vii) a vector state, if uj{A) = (jJ^{A) := (4)7r(yl)^) for a non- degenerate repre- 
sentation {S),Tr) of 01 and some vector G with \\^\\ = 1. 

In the case of an abelian C*-algebra 21, a; is a pure state if and only if lo{AB) = 
oo{A)oo{B) holds for all A,BeOl. If 21 does not possess a unit 1, then the norm 
property (iv) is replaced by the condition 

:= sup{|a;(^)| | ^ G 21 and P|| = l} = 1. 
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Definition 3.20 //OJt is a von Neumann algebra, uj a positive linear functional 
on 9Jt and ijj {l.u.h. n{Act)) = l.u.b.„(c<;(^Q,)) holds for all increasing hounded nets 
{An) in where l.u.b. ' denotes the least upper hound, then u is said to be 
normal. 



Definition 3.21 A trace to on a von Neumann algebra dJt is said to be semifi- 
nite, if the set 

mi:={Ae m+\ uj{A) < oo] 

is dense in SCR. A von Neumann algebra is called semifinite, if there exists a 
faithful, normal and semifinite weight on 

It can be shown that the commutant of a semifinite von Neumann algebra 
9Jt on a separable Hilbert space is also semifinite. 

For the classification of von Neumann algebras it is useful to introduce some 
notations. Let us consider an invohitivc Banach algebra 21, then P G 21 is called 
a projection if P'^ = P and P* = P. Two projections P,Q^ 271, where 9JI is 
a von Neumann algebra, are said to be equivalent, abbreviated by P ~ Q, if 
there exists a G SDT, such that W*W = P and WW* = Q. The projection 
P is said to be finite if Q < P and Q ^ P imply Q = P, otherwise it is called 
infinite. If there is no nonzero finite projection Q < P, Q £ then P is called 
purely infinite. If ZP 7^ is infinite for every central projection Z G 9Jt, i.e. for 
every projection on 9Jt n 9Ji', then P is called properly infinite. P is said to be 
abelian, if P9JtP is a commutative subalgcbra of Tl. Two projections Pi and 
P2 are said to be centrally orthogonal, if the smallest central projections Zp^ 
and Zp2 majorizing Pi and P2, respectively, are orthogonal. 
Every projection P G 971 can be uniquely described as the sum of two centrally 
orthogonal projections Pi,P2 G 37t, such that Pi is finite and P2 is properly 
infinite. Since the set spanned by the projections is dense in the von Neumann 
algebra 9Jl, the property of the projections can be used to characterise their 
algebras. 



Definition 3.22 A von Neumann algebra OJt is called finite, infinite, properly 
infinite or purely infinite if the identity projection 1 possesses these properties. 
The von Neumann algebra is said to be of 

Type I, if every nonzero central projection in SDt majorises a nonzero 

abelian projection in 9Jt; 
Type II, if OJl has no nonzero abelian projection and every nonzero central 

projection in 9Jl majorises a nonzero finite projection in SDt; 

Type III , if^is of type II and finite; 

Type I loo , if^is of type II and has no nonzero central finite projection; 
Type III , if 9Jl is purely infinite. 



If 93t is of type /, // or III, then so is its commutant 9Jt' and contrariwise. For 
von Neumann algebras of type Hi and II^o this statement is in general not 
valid. The aforementioned characterisation allows one to decompose all von 
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Neumann algebras completely in terms of these different types, namely every 
von Neumann algebra DJt is uniquely decomposable into the direct sum 

A von Neumann algebra is semifinite if and only if it contains no type /// 
component. 

Definition 3.23 A von Neumann algebra 9Jl is called a factor, if it possesses 
a trivial center, i.e. ^{dJVj = 9Jt fl 93t' = CI. A state uj on a C-algehra 21 is 
said to be a factor state or primary state, if i^uji^)" is a factor, where tt^ is the 
corresponding cyclic representation. 

A factor is either of type /, IIi , I loo or HI- 

Definition 3.24 A state u is said to be pure, if the only positive linear func- 
tionals majorised by u are of the form Xu with < A < 1 . 

Pure states are extremal points of the set of states on 2t, which means that 
a pure state lo is not describable as a convex linear combination 

cu = Xuji + (1 - X)ui2, < A < 1, 

of different states toi and u;2- 

To each arbitrary nondegenerate representation of a C*-algebra and a vector 
^ G ^ with ll^ll = 1 one can assign a state, the so-called vector state. The 
construction in the opposite direction is ensured by the next 

Theorem 3.25 For an arbitrary state lo on a -algebra 21 there exists a (up to 
unitary equivalence) unique cyclic representation {S)u;,'^oj,(,uj) of^, the so-called 
canonical cyclic representation of 21 with respect to lo, such that 

holds for all Ae^. 

Proof: First, we want to construct the Hilbert space H^^. We define equivalence 
classes 

*A := {A\A = A + I, I e3} 

where 

3:={Ae 2t| u;{A*A) = O} 

is a left ideal of 21. It is easy to show, that these equivalence classes form a 
complex vector space and we choose its completion provided with the scalar 
product {A, B) := u}{A*B) as our representation space S^^. The representatives 
of elements ^ G 21 and the vector are defined as 

'K^{A)^B ■■= ^AB and := ^i. 
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In order to prove the uniqueness of this triple let us assume the existence of 
another representation (i^^^, tt^, with 

u:{A) = {cy,{A)C) 

for all A G 21. Then, the algebras 'Kwi^) and ir'gi^) should be unitary equivalent, 
i.e. there should exist a unitary operator U such that 

for all ^ G 21. 

These requirements are satisfied if we set 

U7rUA)(^ = ttUAK, 

leading directly to: 

{U7rUA)^^,UnUB)^^) = 

= LoiA*B) 

□ 

Definition 3.26 Let G be a locally compact group and 21 a C* -algebra, then a 
continuous homomorphism 

a:G — > Aut(2l) 

5 ^ (a» : 21 — ^21) 

is called an action ofG into Aut(2l) and the triple (21, G, a) a covariant system 
over G. The covariant system is said to be ergodic if DJt"' = CI and centrally 
ergodic if = CI. 

Prom now on we focus on one-parameter groups of *-automorphisms of C*- 
algebras or von Neumann algebras and use the algebraic setting for this purpose. 
The fundamental algebraic tool for the investigation of infinitesimal generators 
is the symmetric derivation. The defining characteristics of derivations are 
naturally motivated by the main algebraic properties of the groups: 

a^{A)* = a*{A*) and 
a\AB) = a\A)a\B). 

Definition 3.27 A symmetric derivation 5 of a C* -algebra 21 is a linear op- 
erator from a * -subalgebra D(5), the domain of 5, into 21 satisfying for all 
A,B ^ Ty{5) the conditions: 

(ii) S{AB) = SiA)B + AS{B); 

(ii) 5{A)* =5{A*). 
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The terminology 'symmetric' is referred to the second property. 

Lemma 3.28 The set of derivations 2) (21) on a C* -algebra 2t form with the 
usual addition and scalar multiplication of operators and the product 

[61,62] := 51^2 - 6261 

a Lie algebra. 

Proof: The recuired properties for a Lie algebra can be shown straightforward 
by definition. 

□ 

The set of derivations is also called derivation algebra. 

Proposition 3.29 Each anywhere defined derivation 6 from a C* -algebra into 
a larger C* -algebra is automatically bounded. 

Proof: In the case where the C*-algebra does not contain the identity, we first 
unitilise it. Let us consider a positive element A £ D(5), then its square root 
lies also in D((5) and one has: 

6{A*A) > 6{A*)A + A*6{A). (3.6) 

Then, 6 is norm-closeable which can be seen as follows. Let us assume A^ G 
D(5) with An and 6An — > A, then we have to show A = 0. We are 
allowed to prove equivalently this implication for its square A^A^- But this 
is a direct consequence of the estimation (13. Gh . and therefore our statement is 
proved, since an everywhere defined norm-closed operator is always bounded 
by the graph norm. 

□ 

For the discussion of automorphism groups, the notion of spatial or inner deriva- 
tions is of great importance, due to the fact that they occur as their infinitesimal 
generators and, therefore, are irreplaceable in their analysis. 

Definition 3.30 A symmetric derivation 6 of a C* -algebra 21 of bounded op- 
erators on a Hilbert space f) is called inner if there exists a symmetric operator 
H £ ^ with the properties 

(i) 6{A) = i[H,A] for all A £ B{6), and 

(ii) D(5)D(i?) C T>(H). 

If H £ then we call 6 spatial. H is said to implement 6. 

Our investigation in chapter five will be structured corresponding to this defin- 
tion. 
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Lemma 3.31 The set of inner derivations !Di(2t) on a C* -algebra 21 form an 
ideal in the derivation Lie algebra 2) (21). 

Proof: Obviously, S)i(2l) is a linear space. Let 5 G 2) (21) and 5i G Di{^)^ i.e. 
there exists a selfadjoint element H with 5i{A) = i[H,A\, then one has: 

[6,,5]{A)=i[H,5{A)\ -i5[H,A] 
= -i6{H)A + iA6{H) 
= -i[6iH),A]. 

The proof is completed by showing the selfadjointness via the symmetrical 
property of the derivation: 

{6{H)y = 5{H*) = 5iH). 

□ 

Theorem 3.32 (Borchers-Averson) For a a-weakly continuous one-parame- 
ter group of * -automorphisms of a von Neumann algebra 9Jt the fol- 
lowing conditions are equivalent: 

(i) There exists a strongly continuous one-parameter group of unitaries Ut, 
t G M, in C{?)) with non-negative spectrum such that 

a\A) = UtAUt 

for all AgM and t £ M. 

(a) There exists a strongly continuous one-parameter group of unitaries Ut, 
t G M, in dJl with non-negative spectrum such that 

a\A) = UtAUt 

for all AgTI and t £ IR. 

(Hi) One has for the spectral subspaces: 

fl [9Jt-[t,oo)^] ={0}. 

If these statements are given, then U may be written as 

Ut = / dPip), 

where P is the unique projection valued measure on M such that 

P[t,oo).5 = fl [9Jt"[s,oo)^]. 

s<t 

Proof: See [10', Theorem 3.2.46]. 
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□ 

Corollary 3.33 If 6 is an anywhere defined derivation, i.e. bounded deriva- 
tion, of a von Neumann algebra dJt, then there exists an element H = H* £ 971, 
lli^ll < |, with 

6{A) = i[H,A] 

for all A £ DJt. In case of a C* -algebra 21, for all representation vr o/2l there is 
always an H = H* E 7r(2l), \\II\\ < |, such that 

^{5{A))=i[H,T:{A)\. 

Proof: In the case of von Neumann algebras 9Jl, our derivation 6 is due to Propo- 
sition 13.291 bounded and allows on 9Jl the introduction of the norm-continuous 
one-parameter *-automorphism group 

a\A) := e'^A. 

This means for the spectrum that 

a{a) = i(T{5), 

and 

aJl"[t,oo) = {0}, for t>\\5\\. 

Finally, Theorem 13.321 ensures one the existence of a strongly continuous group 
of unitaries {Ut)t&R with positive selfadjoint infinitesimal generator Hq £ 'HSl 
which implements 5. The last statement can be shown by setting H := Hq—^^. 
In the case of a C*-algebra 21, let us consider the kernel of the representation 
J := kervr. li A £ i.e. A = for some B G then one obtains 
5{A) = 6{BB) = S{B)B + B5{B) e 3 because 3 is an ideal. Thus 6{3) C J and 
we may introduce a derivation of 7r(2l) as 

6 : 7r(2l) — > 7r(2l) 

7r{A) ^ 6{tt{A)) := tt{6{A)) 

This derivation has a unique cj-weakly closed extension onto the tr-weakly clo- 
sure of -7r(2l) and we may apply the aforementioned result for von Neumann 
algebras. 

□ 

Lemma 3.34 Let % be a C* -algebra and 5 : 2t — > 2t a derivation, i.e. it is 
everywhere defined, then 6 = 0. 

Proof: This statement is an immediate consequence of Corollary 13.331 



□ 
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3.2 One-Parameter Automorphism Groups 

In this section we give a brief insight into the general theory of one-parameter 
automorphism groups. These objects are used in many theories for the descrip- 
tion of its dynamical nature, e.g. the time evolution in physics and stochastic 
processes. For more details we refer the reader to [20j and [31j . 

Corollary 3.35 For a linear operator 5 acting on a C* -algebra 21 the following 
statements are equivalent: 

(i) 5 is an everywhere defined symmetric derivation of^. 

(a) 5 generates a norm- continuous one-parameter group of * -automorphisms 



[a- 



't&m 



of^. 



If these conditions are valid, then for any representation nof^ there is always 
an selfadjoint operator H £ Tr{^) with 



7r{a\A)) 
for all elements ^ G 21. 



t G m, 



Proof: The implication (z) =^ (ii) is clear since, due to Proposition 13.291 5 is a 
bounded operator and therefore generates a norm-continuous *-automorphism 
group. 

For the direction (ii) =^ (i) let us assume that a* is norm-continuous at the 
origin. Since for sufficiently small f G IR one has 



a'^ds - 1 



< 1, 



the integral 



a'^ds 



has a bounded inverse. Moreover we may write 



1 



[a 



1 

th 
1 

th 
1 



(a 

t+h 



s+h 



— > -(a^ 
t ^ 



a^ds 
1), 



1 

th 



a^ds 



where the convergence occurs with respect to the norm-topology. The group 



is then, due to 



lim 



l{a'-l)-'-{a^-l)Xr' 



0, 
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uniformly difFerentiable and we identify our derivation as 

This can be justified by the relation 

= 5 I a'^ds + 1, 
Jo 

which finally leads via iteration to 




The last statement, namely the existence of the selfadjoint operator H, is veri- 
fied via Proposition 13.331 

□ 



Theorem 3.36 Let 5 he a norm-densely defined and norm-closed element of 
the unital C* -algebra 21 with domain D{5). Then S is the infinitesimal generator 
of a strongly continuous one-parameter * -automorphism group (q;*)^^^^ o/2t if 
and only if the following conditions are satisfied: 

(i) 6 is a derivation and D{6) is a *-algebra. 

(a) 5 has a dense set of analytic elements. 

(Hi) 11(1 + a6){A)\\ > \\A\\ for all A G D{6) and a e IR. 

Proof: If we assume the group to be strongly continuous, then its infinitesimal 
generator is obviously a symmetric derivation with its *-algebra as a domain. If 
A is an analytic element for a* in the strip {z E C| < A}, then, via Cauchy 
estimates and due to the fact that each *-automorphism of a C*-algebra is 
norm-preserving, one obtains for some constant M: 



dt'' ^ ' 



I f c-n 4 II II rr; ^ II ^ "-'^ 



But this means analyticity of A for 5, i.e. 



n=0 n=0 ^ ^ 



and, since a* has a dense set of analytic elements, one arrives at the statement 
(ii). 

Contrariwise, the conditions (ii) and (iii) force 5 to be the generator of a strongly 
continuous group of isommetries a* satisfying, due to (iii) , 



a*(l) = 1 -ht(5(l) -ho(t). 
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Because our derivation is symmetric, i.e. (5(1) is selfadjoint, and ||a*(l)|| = 1, 
one obtains for the spectrum in the case of small positive and small negative t 

o-(<5(l)) G {-00,0] and a{6{l)) £ [0,oo), 

respectively. Consequently, a[5{l)) = and, since 6(1) is selfadjoint, it follows 
that (5(1) = 0. Thus we conclude that a*(l) = 1 for all t G IR and every a* is 
a *-automorphism. 

□ 

Proposition 3.37 Every * -homomorphisni t : 9Jl — > 97 between two von Neu- 
mann algebras 9Jt and 91 is a-weakly and a-strongly continuous. 

Proof: Let us consider the increasing net {An)nm in 9Jt+ and its least upper 
bound 

A := l.u.b.n^oo^ra = (7-weak lim A^, 

n— >oo 

for which, due to the fact that r is surjective and obviously preserves positivity, 
one has: 

t{A) := l.u.b.„^oo'^(^n) = o--weak lim r(A„). 

n— ►oo 

Thus a; o r is normal if uj is so. But since a state on a von Neumann algebra is 
normal if and only if it is (T- weakly continuous, and every a- weakly continuous 
functional can be written as a linear combination of (T-weakly continuous states, 
a (T-weakly continuous functional passes on this property to the functional ojot, 
i.e. r is a a-weakly continuous homomorphism. 

Now, if {An)neN converges strongly to 0, then {A^An)n€N converges (T-weakly 
to 0. But this means that 

(T-weak lim r(A„)*r(^„) = a-weak lim t(j4* j4„) = 0, 

n— ►oo n— ►oo 

and, hence, the net {T{An)) ^^^^ converges (T-strongly to 0. 

□ 

Theorem 3.38 Let 5 be a a{Tl,dJl^)-densely defined and a{dJl,Tl^,)—a{Tl, Tl^)- 
closed element of the unital von Neumann algebra 971 with domain D{6) which 
contains the identity. Then 5 is the infinitesimal generator of a a-weakly con- 
tinuous one-parameter * -automorphism group of^M if and only if the following 
conditions are satisfied: 

(i) 5 is a derivation and D{5) is a * -algebra. 

(ii) 5 has a dense set of analytic elements. 

(Hi) 11(1 + a6){A)\\ > \\A\\ for all A £ D{6) and a £ IR. 

Sketch of the Proof: Because of Proposition 13.371 and since each automorphism 
on a C*-algebra is an isometry, each automorphism group on a von Neumann 
algebra forms a iT-weakly continuous group of CQ-isometries on which the proof 
is based on. The proof is then carried out in a similar way to the case of 
C*-algebras. 
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□ 

The analytic elements for a derivation on a von Neumann algebra form a *- 
algebra. 

3.3 Modular Theory 

In this section we give a short and straightforward introduction to the Tomita- 
Takesaki theory, also called modular theory [54]. The outstanding result is the 
fact that only few assumptions are needed to formulate this theory, namely an 
underlying von Neumann algebra 9Jl and a cyclic and separating vector in the 
representing Hilbert space, but, surprisingly, this already ensures the existence 
of an one-parameter automorphism group of Thus, one gets the dynamics 
in dJt for free. 

Although one can formulate it in a more general setting, namely in terms of left 
or right Hilbert algebras which are identical for isometrical involutions, we will 
restrict ourselves to what is absolutely necessary for our aims. We will follow 
the standard literature, e.g. [52], [l9], [10] and ^34] • Modular theory has also 
been investigated in the framework of 0*-algebras, i.e. *-algebras of closable 
operators, see e.g. [29] . 

Our starting point is a von Neumann algebra 9Jt acting on a Hilbert space 
and a vector ^ G ^ which cyclic, i.e. dJl(, is dense in Sj, and separating, i.e. 

= implies A = ior A £ Tl. Because due to Corollary 13.181 cyclicity of 
^ for 9Jt is equivalent to it being separable for the commutant OJt', the vector 
^ transports these two properties from the algebra onto its commutant. Thus 
the following two anti-linear operators are well defined: 

So : D{So) =m^cS3^^ 

AC ^ SoA( := A*C, 
Fo : D{Fo) =m'CcSj^^ 

Ai ^ FqA^ := A*^. 

Both operators are closable, and one defines F := Fq = Sq and S := Sq = 
Fq. Therefore, the Tomita operator S allows for a unique polar decomposition 
into the positive, selfadjoint operator A and the anti-unitary operator J, the 
so-called modular operator and modular conjugation with respect to the pair 
^), respectively: 

S = JA^/^. 

The first often used properties of the modular objects are collected in the fol- 
lowing proposition. 

Proposition 3.39 For the modular objects the following relations hold: 
(i) A = FS; (ii) S'^ = S; 

(Hi) J = J^] (iv) J = J*; 

(r;) A-V2 = jaV2 J. (vi) F = JA''/^; 

{vii) SF = A-^; (mii) 5 = A^^/V. 
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Proof: 

(i) A = S*S = FS. 

(ii) This statement follows as S is the closure of Sq = Sq^. 

(iii) Thanks to (ii) we conclude JA^/^ = s = S'^ = A^^/^ J* and therefore 

j2a1/2 = JA-1/2J*. (3.7) 
The uniqueness of the polar decomposition ends the proof. 

(iv) The assertion follows directly from Equation 13.71 

(v) The claim is a direct consequence of Equation 13.71 

(vi) F = S* = (A-i/2)* = jA-i/2. 

(vii) SF = JAI/VA-1/2 = A^K 

(vii) 5 = JAi/2 = jAi/2 jj = A-i/2 J. 



□ 



We are now already in the position to formulate the core of modular theory. 



Theorem 3.40 For the von Neumann algebra and the associated modular 
operator and modular conjugation the relations 

jmj = m', jm'j = m 

and A'^TlA-'* = m 

hold for all t €z M. 

Proof: Let X > 0, ip,ip e D[A^/^) n D[A^^/'^) and consider the functions 

h : m) m) 

/oo \it 
— jA'^AA-'^dt. (3.8) 
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and 



= <a-vv,Ia(^)aVV> + A(aV2v;,/,(A)A-VV> 



A-V2(A-V2-it^^^^i/2-it^^ 

+ AV2(AV2-i*^,^A-V2-it<^) 



p J 



P J 



dt 



e^^ + e 



P 



d^EAip)i^,AEA{p)v^) 
= {'>P,A<p), 

where we have made use of spectral decomposition of the modular operator 

A = J fidE^ifi), 

and the identity 

1 



/. 



CO gipt 



:dt 



Thus we have shown 

A = A-i/2/;,(A)AV2 + XA^/^h{A)A-y^. 

Because h and {D^/^ + AD-i/2)^ dV2(A) ;= A^/'^AA'^/'^, commute on C{Sj) 
for all v4 G 9Jt and A G IR, one has 

For A' G sot' define 

:= (A + XI)-' A'^ 
which can be written in terms of as: 

ylA = (A + Al)-nA + Al)^A 

= (A + Xl)-'{A-'/^AxA'/^ + aV2AaA-V2) 
= hiJA'J), 
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i.e. Ax is an element of dJl. For A' € SUl' 



one has 



{iP,[A',hiJA'J)]ip) = 



and therefore via Definition 13.81 




{ij, [A', A'^JA'JA-'^]^)dt = 



where we have set A = with arbitrary p €JR. The application of the Fourier 
transformation leads to 



but 971 is a von Neumann algebra and therefore we get for t = 

jm'j c m. 

Due to Proposition 13.71 the pairs (9Jt, ^) and (9Jt',^) share the same modular 
conjugation and therefore we have also shown 

jmj c m'. 

By Proposition 13.71 we finally conclude 

m = j^mj^ c jm'j c m, 



jmj = ^ and = m. 

We have seen that each element of 9Jt can be written as ^ = J A' J for some 
A' S 971' and with Equation 13.91 the last statement of the theorem follows: 

A^*9JtA-^* = 971, t G IR. 



Definition 3.41 A von Neumann algebra is said to he a-finite if it contains 
(at most) countably many pairwise orthogonal projections. 

In statistical quantum mechanics and quantum field theory only a-finite von 
Neumann algebras appear, which therefore can be represented in a separable 
Hilbert space, while von Neumann algebras, which can be represented in a 
separable Hilbert space, need not be cj-finite in general. 

Lemma 3.42 For the von Neumann algebra 9Jt acting on the Hilbert space 
the following statements are equivalent: 

(i) 9JI is a-finite. 



(3.9) 



I.e. 



□ 



(ii) There exists a countable subset of Sj, which is separating for 971. 
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(Hi) There exists a faithful and normal weight on OJl. 

(iv) Tl is isomorphic to a von Neumann algebra tt{TI) which admits a cyclic 
and separating vector. 

Proof: Let us assume (i) and consider the existence of an maximal family {^n} 
of vectors G such that [SJt'^i] are pairwise orthogonal. [9?l'Ci] constitutes 
a projection in 9Jt, i.e. {^n} must be countable and thanks to maximality one 
obtains 

i 

i-e. {^n} is cyclic for Tl' and, due to Corollary 13. 181 it has to be separating for 

m. 

Now let the sequence (^„) be separating for 9Jl with the property Yli II^IP = 1- 
The state uj{A) := on Tl is a-weakly continuous, thus normal. 

Moreover, the assumption uj{A*A) = leads via 

\\ACf = {C„A*AC^) = 0, Ve„ 
to ^ = 0, namely to faithfulness of uj. 

We suppose the existence of a faithful and normal sate on the von Neumann 
algebra Tl and the corresponding cyclic representation (^,7r,^). By Lemma 
I3.14l ff ). 7r(aJt) is a C*-algebra and due to 

TT{m) = TT{m") = 7T{m)" 

also a von Neumann algebra. The following implications for all yl G OJt show 
faithfulness for vr and the separating property for ^ with respect to 7r(9Jl) and 
therefore the validity of {iv): 

tt{A)=0 =^ uj{A*A) = \\TT{A)^f =^ A*A = A = 0. 

Finally, we suppose (iv) and consider the separating and cyclic vector ^ G 
for IT (TV) and a family {Pn} of pairwise orthogonal projections in DJt. With the 
abbreviation P := "^^Pi we obtain 

= (vr(PK,7r(PK> 

= Y.MP^m'<oo, 

i.e. only a countable number of '/r(Pj)^ and thus of the projections Pi can be 
nonzero, the statement of (i). 

□ 
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Given a faithful and normal weight uj, one can derive the associated cyclic 
representation {S^^j , tTuj , Coj) through the GNS-construction and the modular op- 
erator for the pair {'^uj{Tl),^i^). The above theorem ensures the existence of a 
<T- weakly continuous one-parameter group of *-automorphisms, (fi)^^^^) 

al-.m — >m 

the so-called modular automorphism group associated with (vr^;(9Jt), ^^i;) • Since 
we are concerned with von Neumann algebras, due to Proposition 13.371 the 
modular group is continuous with respect to the cr-strong topology, too. The 
modular group is a powerful and constructive tool for the investigation of von 
Neumann algebras and has made possible many applications in mathematics 
and theoretical physics. The main linkage between modular theory and physics 
is the following property, 

the so-called modular condition or KMS-condition, which can equivalently be 
described by means of the modular group itself, 

u;{al^/'{A)aZ'^/\B))=u;iBA) (3.10) 

for all A,Bg Tl. A state to satisfying condition l3.10l is called {a, /3)-KMS state, 
where the parameter /? = y is interpreted in statistical physics as the inverse 
of the temperature T. 

A spatial derivation 5 = i [H, A] of a von Neumann algebra 97t implemented 
by a self-adjoint operator H can be extended such that it generates a *-weak- 
continuous one-parameter group of *-automorphisms 

a:M — > Aut(9Jl) 

t^a\ a\A) := e'^^ Ae''^" . 

Let be the modular operator with respect to the cyclic and separating vector 
^ € Sj, and, with the help of the self-adjoint operator H £ 9Jt, H^^ = 0, define 
the domain 

D(5) := {A e Tl\ i[H,A] e M}. 
Then, the following two conditions are equivalent: 

(i) e'^^me"'^^ = Tl for all t £ M. 

(ii) D((5)^ is a core for H, and H and A commute strongly, i.e. 

A**i7A-** = H, Vt G IR. 

If there exists more than one faithful, normal and semifinite state on 9Jt, it can 
be shown that the modular automorphism is unique up to unitaries. Let wi 
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and be two faithful, normal and semifinite states on 9Jt and o"^^ and cr^^ the 
corresponding modular groups. Let us consider a faithful and normal weight 
defined as 



All Ai2 
A21 A22 



:= +^2(^22)) 



on 9Jt M2 and the corresponding modular group cr* , then the unitaries Fj, 
defined as 











(0 


0') 




[(0 s)] 



connect the two original modular groups. The next theorem is dealing exactly 

with this situation, but first we have to introduce the following notions. We 
denote by ^(D) the set of bounded and holomorphic functions on the domain 
D and define 

n^ := {A e m\ Lo{A*A) < 00}. 

Theorem 3.43 (Connes' Cocycle Derivative) If toi, 102 o-^e two faithful, 
normal and semifinite states on Tl, then there exists a a-strongly continuous 
one-parameter family of unitaries {^tj^^jn in ^ with the following properties: 

(i) 4^ {A) = Ttal^ {A)Tl , Aem,teIR; 

(ii) T,+t = Ts(T'^,{Tt), s,teIR. 

Proof: Consider a faithful and normal state defined p on the tensor product 
arr ® M(2 X 2, C) defined by 



All A12 
A21 A22 



1 



[a;i(^ii) +^2(^22)] 



for which one has: 
P 



1 





1 



An 


A12 


A21 


A22 


An 


A12 


A21 


A22 



-a;i(aii) = p 



1 



^1(^22) = p 



An 


A12 


A21 


A22 


An 


A12 


A21 


A22 



1 





1 



Since the centralizer of uj is contained in the fixpoint algebra of its modular 
group CTp we conclude a* (QJl ® SDT) C SDT © 9Jl with 



9Jt©9Jt 



An 
A22 



The state p can be shown to be a KMS-state with respect to the automorphism 
group (T* and due to uniqueness of such states one deduces 



An 
^22 



Y An 









A 


^22 


)] 





<iAii) 
(A22) 
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The following implication 





1 



1 




1 


1 



1 






1 



1 

i^^ 







[(" 


I)] 



ensures the existence of a cr-weakly continuous one-parameter family G 93t 
defined as 





r* 





1 



Unitarity for all Ft, i.e. r^r; = T^Vt = 1 for all t G M, follows directly from 
the application of cr* to 





1 





1 



+ 





1 





1 



1. 



If we apply a* to 




A 



we finally arrive at 





1 



A 




1 




a* (A) = Ttal iA)T; , ^ G OT, t G IR. 



The last statement is justified by: 




r.+t 



s+t 





1 



1 

A 



A 

r. 



Ts 








rta* (r,) 



□ 



The main statement of this theorem is that two arbitrary modular automor- 
phism groups are equivalent up to inner automorphisms. The specific problem 
with its statement is that it assures the existence of the unitaries only, but fails 
to give a method for their construction. 

The above theorem still holds true with few adjustments if the faithfulness is 
given only for one of the weights. The family of unitaries is called cocycle 
derivative of coi with respect to UJ2 and denoted by {D^^^ ■ Di^-^)t := Tj. For two 
faithful, normal and semifinite states we have 

(L>^, : D^,)t = {D^, : D^,)^\ t G M. 
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If an additional third faithful, normal and semifinite state on 971 is given, then 
one can establish the chain rule, 

(-Dt^i : D^2)t = {Dwi '■ D^^)t{D^j^ : Di^^)t, t G IR. 

Consequently, the equivalence of two cocycle derivatives of wi with respect to 
ui2 and ^3 uniquely determines the identity of a;2 and uj^ : 

{D^^ : D^^)t = {D^^ : D^.^)t , Vt G IR <S=^> L02 = ws- 

One of the most important mathematical applications of the Tomita-Takesaki 
theory is the classification of factors. If for a fixed to ^ ^R- and a particular 
faithful, normal and semifinite state u) its modular group (T^° is inner, then, be- 
cause of the cocycle theorem, c7^°, is inner for any faithful, normal and semifinite 
weight w'. Thus the modular period group 

T{Ti) := {t G IR| al is inner} 

characterises the von Neumann algebra. Let oj be an arbitrary faithful and 
semifinite state, then T{dJt) is related to the so-called modular spectrum of dJt, 

S{m) := Pi SpecA^, (3.11) 

via the inclusion 

In (5(9Jt)\{0}) C {s G IR| e^'* = 1 G T{Tl)}. 

This modular spectrum can be used for the classification of factors. For this 
purpose let 9Jt be a factor, then the following statements hold: 

(i) art is of type / or type //, if S{dJl) = {1}; 

(ii) m is of type IIIq, if S{m) = {0, 1}; 

(iii) m is of type Ilh, if S{m) = {0} U {A"| < A < 1, n G Z}; 

(iv) m is of type Ilh, if S{m) = IR+. 

3.4 Non-Commutative Integration and 
Crossed Products 

The main target of this section is the introduction to crossed products, in 
particular the statement of Theorem 13.511 since it enables one always with a 
spatial automorphism group on the corssed product dJl^aG. Therefore, we may 
transfer in case of general (non-spatial) automorphism groups our investigation 
from the von Neumann algebra 9Jt onto the crossed product and make use of 
results already obtained for the spatial case. 

First of all, we define a new faithful, semifinite and normal state on 9Tp := 
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93t(8) M(2 X 2, C) with reference to the von Neumann algebra 9Jt, the so-called 
balanced weight of the weights ui and C02 on 9Jl, by 



An A12 
A21 A22 



:= {uJi © L02) 



L12 



Au 
A21 A22 



:= uJi{Aii) +L02{A. 



22 J 



(3.12) 



We denote the so-called semi-cyclic representation of 91 by (Sjp, iTp, r]p) consisting 
of a representation {Sjp,irp) and the linear map 

rjp-.n — > Sjp 

A ^ VpiA) 

from a left ideal n of 971 into S^p such that 

7rp{B)rip{A) = rip{BA), yAen,Bem. 

Because of the properties of p mentioned above, we may introduce the cor- 
responding modular objects. One finds that the representation space can be 
expressed as a direct sum of mutually orthogonal subspaces, 



^p = Sj, 



with 



-QaJl,u)2 •" 

-^0)2,^1 

-^0)2,^2 



((na,i nn*J®eii) +Np 

(("a;i n n* J 621) + Np 

((na,2 n n* J (8) 622) + 



where Np := {A £ DTp| p{A*A) = O} is a left ideal of 9Tp, xiu,-, := {A G 
m\ u;i{A*A) < 00}, := {A e Tl\ u;2{A*A) < 00} and 



en := 



1 





, ei2 



1 




, 621 





1 



, 622 




1 



are the matrix units. The brackets '[ • ]' denote the closure in the Hilbert space 
S}p. The von Neumann algebra 9Tp inherits its involution from 9Ji. Since we 
are concerned with states, not weights, the sets simplify to n^^^ = n^^j = 9Jt. 
Furthermore, because p is faithful, we obtain = {0}. For the domain of the 

*-operation on has, 

V* = {V* n ^a;i,c.i) ® {T)* n Sju„,u,2) © (2^* n iDc.2,a;i) © {T)* n S)u,2,u>i), 

which determines the Tomita operator as 
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Written in a more compact form, we obtain for the Tomita operator the follow- 
ing matrix: 

fSii \ 
5*23 
532 

V ^44/ 

Now, we are able to identify the Tomita operators as 



0)1 



-'0)2 



U^S23U3, 



(3.13) 



where we have set 



U3riu,2{A) 



= VpiA®e2i), V^Gn, 
= 77p(^(g) ei2), VAen, 
= 7/^(^(8)622), V^Gn, 



■o)i , 



■U!2 ' 



(3.14) 



The adjoint of S is then given by 



F 



(Fii 



V 






F32 






-^23 






\ 




i^44y 



where the components are fixed as 

-f^ll •— '-'11, -c'23 •— '-'32) ^32 

Finally, via polar decomposition 

S = JA'/^ = A-V2 J, 

which is equivalent to 



5'23 and F44 := 6*44. 



Su 


= JnA}f 


= A-V^ Jn 


S23 


= ^23A^f 


= A^-'/' J23 


S32 


= ^32A^/' 


= A3"3 J32 


Sm 


= J44A44^ 


= A44 '^^ J44 



we arrive at the modular conjugation and, most important for us, the modular 
operator: 



J 



(Jii \ 

J23 

J32 

V J44/ 



and A 



/All 








\ 





A22 














A33 





V 








A44/ 
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Let Tl act on the Hilbert space i^, then one can find hnear maps 



^:nu,i3 At-^ ^{A) £ and 
such that for all A edJl, Ai,Bi E n^ii and ^2,-62 £ n^. 



A^Ai) = e(AAi), 
A'n{A2) = v(.AA2), 



io,{AlBi) = {aAi),aBi)), 

UJ2{A*2B2) = {V{A2),V{B2)]: 



and = [C(n^i)] = [r?(n^2)]. 
The form of the representation space with respect to p is reduced to 



and the representation itself to: 



^11 A12 

A21 A22 







i3, 




(An 


Au 







A21 


A22 














An 


A12 


V 





A21 


A22) 



Since the modular automorphism group on OTp should leave the representation 
space invariant, i.e. 



we conclude 



A22^2lA;^/* = A44A21A33*, 



A33^12A44*, 



^22^22^22** = A44^22A^i*. 



44^22^-^44 



The identification of An and A44 with A^^-^ and A^^j) respectively, yields the 
following expressions for the modular automorphism groups. 



<(A) = Al\^ArfG9Jt, 



<,^^(A) = AfiAA22^*GOT, 
a^^(^) = A|*2^A2-2^*G9H, 



for all A G 9Jt. Finally, we can write down the form of the modular group with 
respect to p explicitly: 



^11 A12 
A21 A22 



11 



a, 



U)\,UJ2 



{A 



12. 



(^21) cTi^{A 



22 



(3.15) 



As already mentioned, the unitary cocycle appearing in Connes' Theorem is 
defined by 









1 
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and therefore one has its exphcit structure 
for ah t G R. 

Thus, the modular automorphism group with respect to the state U2 on Tl is 
determined up to a cocycle, i.e. up to a perturbation term. 

Definition 3.44 The dual cone of a convex cone ^ in a Hilhert space is 
defined as the set of all vectors ij £ with r/) > and 

*P is said to be self-dual = Let ^ be a left Hilbert algebra associated to 
the faithful, semi-finite normal weight uj and 2lo the corresponding Tomita alge- 
bra, i.e. the algebra equipped with an one-parameter group of automorphisms, 
then we set 

:={CriCe2to}", 

Lemma 3.45 Let uji and uj2 be two faithful, semi-finite normal weights on 
the von Neumann algebra Tl and (Tr^^i , i^o^n f/^i ) and (TTf^a ' ^1^2 ' "^1^2 ) their cyclic 
representation, then there exists uniquely a unitary operator U^^^^^^ : ^^^^ — > 
^uji such that: 

{A)U*^^^^ = n^M) for all A G M; 

Sketch of the Proof: Let us consider the balanced weight p = wi © on the 
product DTp := 9Jt(8)M(2 x 2,C) as defined in l3.12l as well as Si^-^, Si^-^^^^^, S^^^^lui 
and S'tjj as defined in Equation 13. 131 with their polar decompositions: 

c — T <? — T 

Q — T <? — T 

*-'W2,l^l •^i^2,'^l'-^UJ2,LJl^ i~'u)2 '^LJ2'-^W2 ■ 

The unitary equivalence between tTi^-^ and tt^j is then established by the operator 
defined in Equation 13.141 

and, moreover, one has: 

= {Tru;^{A)Ju;,r]^,{A)\ A£n^,nnl^y, 
Vi02 = yuj2iA)Ju,2Vi02iA)\ ^ G na;2 nn* J". 

For all A G na;i n n* ^ and i? G n^^j ^ n* ^ selfduality of *P ij-^ can be shown to lead 
to the estimation 

(t^uii {A) Joji r]^i (A) , 7r^,(S)J^,r?^,(5)) >0, 
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i.e. one obtains the inclusion 

Via U*_^ ^2 = Uuj2,uji one derives the opposite inclusion 

□ 

For a normal weight lo one may introduce the projections e and / of 9Jt by 

Tie := nj and 
mf := N^ = {Ae m\ uj{A*A) = 0}. 

Since lo is semifinite on eTle and faithful on (1 — f)Tl{l — /), one defines the 
support of uj, denoted by s{u)), as the difference e — /. 

Lemma 3.46 -For ^1,^2 G the following conditions are equivalent: 

(^) 6 ^ 6; 

(Hi) s{uj(.^) ± s(a;^2). 

Proof: Let us assume {i) then thanks to Lemma 13.451 and the definition of 
we only have to prove 

(iR+6 - 'Pa.) n ± (iR+6 - n 

But for 6.1, T]2, A^i — 771, A^2 — 1I2 ^ ^oj, where A, /i > 0, we obtain 
< (r?i,7?2) < A(6,r/2) < A/u(6,e2) = 0, 

that is r/i ± ??2- = [^^] n [SDT'^] for ah ^ G *Pa; proves the imphcation 

(a) =^ (Hi). The direction (Hi) (ii) ^=^> (i) follows directly by definition. 

□ 

Definition 3.47 Let {dJt,f)) be a von Neumann algebra, then the quadruple 
(971, J, where J is the corresponding modular conjugation and *p a self- 
dual cone in Sj, is said to be a standard form, if the following conditions are 
satisfied: 

(t)JAJ = A\ AsSot; 

(n) JC = e, Ve G ^; 

(Hi) AJA^ c A em. 

Proposition 3.48 Let (9Jti, .Qi, Ji, and (9Jt2, ^2, ^2, ^2) be two standard 
forms and vr : Tli — > TI2 an isomorphism, then there exists uniquely a unitary 
operator U : S^i — > S^2 such that: 
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(i) tt{A) = UAU*, A^Mi; 

(ii) J2 = UJiU*; 
(ill) *P2 = U^i. 

Proof: The existence of the unitary U is ensured if we prove the isomorphism 

for a standard form ^, J, *p) and a faithful weight uo on OJt. For ^ G 
define ^{C) '■= [^S,] H [OJt'^] and e := 3(0;^) where uj^ is the semifinite and 

faithful weight obtained by the GNS-construction. For the commonly defined 

1/2 

Tomita operator and modular conjugation one identifies = JS^ and 
= J. With ^i^{AJA(,\ A £ Me} one obtains the inclusion C ^ and 
moreover, due to self-duality of in ^(,^), = *p n 

Let us assume first u-finiteness of SOT and consider a maximal orthogonal family 
{Ci £ then, thanks to Lemma [3.461 s(wgj _L s{io^^) for i / j and thus I 

is countable. By Lemma 13.461 maximality of the family leads to faithfulness of 

and consequently to = ^(^) and *p = 
If (T-finiteness of 9Jt is not given, then set for each a-finite e G Proj(SDT) define 
i^(e) := eSj (1 JeS). For such an projection one may always find a ^ G *p such 
that *Pg = ^ n i3(e) and a unique unitary operator 

with 

UeA = ■K^{A)Ue and 

The family of fi-finite projections is upward directed with supremum 1 and thus 
all operators Ue share the same extension U with the desired properties due to 
^ = IJ *Pg . Finally, the uniqueness of U is guaranteed by Lemma 13.451 

□ 

Theorem 3.49 // (9Jt, ^, J, *P) is a standard form, then there exists an iso- 
morphism between the group lA of all unitary operators fulfilling 

umu* = m, uju* = j, c/g<p = «p, 

and the group of all automorphisms of 9Jt 

TTu :U{m) — > Aut{m) 

U^tt}^, 7r^{A):=UAU* 

TTu is a homeomorphism of U (9Jt) equipped with the strong operator topology 
onto Aut (Sr»t). 



52 



Automorphism Groups on von Neumann Algebras 



Proof: [52j IX. 1.15.] Obviously, vr^ is a homomorphism and due to Proposition 
13.481 also surjective as well injective. The unique map 

is because of 

llC-r/ll < ||c^^-a;^|| < U + vWU - vW 
homeomorphic and so is ttk. 

□ 

The inverse map ir^j^ : Aut(9Jl) — > U{Tl) is called the standard implementa- 
tion. 

Definition 3.50 Let G be a locally compact group acting on the von Neumann 
algebra Tl, a : G — > Aut(9Jt), (vr,^) a normal representation of Tl and 
U : G — > a unitary representation of G on S). Then vr and U are said 

to be covariant, if the following relation is satisfied: 

7Toa3{A) = Ug7T{A)U*, yAem,g£G. (3.16) 

Theorem 3.51 Let {^M,Sj, J,%i) be a standard form, G a locally compact group 
and a : G — > Aut(97t). Define the representations iTa : 97t — > £(L^(G,^)) 
and U : G — > £(L^(G,ij)) of Tl and G, respectively, as follows: 

[Mmig) ■■= {a3r\A)ag), va e oti,^ e G, 

[UgM92) := a9i'92), Ve G L^{G,^),gi,g2 G G. (3.17) 
Then iTa and U are covariant, i. e. 

7Ta o a^iA) = Ug7Ta{A)U*, VA G 97t, c/ G G. (3.18) 
Proof: [52, X.I.7.] Unitarity holds for U as it is operating as a translation. 

□ 

Definition 3.52 The von Neumann algebra generated by TTa{dJt) andU{G) is 
the so-called crossed product ofdJt by a and denoted by SOT G. 

The algebraic structure of crossed product can be shown to be independent of 
the underlying representation space Sj and of cocycle perturbations, to be more 
precise one has for a cocycle U with {U(,){g) = Ug-i^{g): 

U{m^aG)U* = 971 x„c G. 

Although the concept of the crossed product seems to be somehow artificial, 
there are good reasons for its introduction. First of all, the algebra of a dy- 
namical system (9Jt, a, G) often turns out to be the crossed product of a fixed 
point subalgebra of SPi and the dual group of G whereas the action of a on 
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QJt can be identified with the dual action on 971 G. Then, crossed products 
play a crucial role in the classification of factors; the special case G = IR is 
for this purpose sufficient. These products enables one to construct interesting 
examples contributing to a better understanding of dynamical systems. For 
example, if the von Neumann algebra is abelian and the action free and ergodic 
then the corresponding crossed product is a factor. This result remains also 
valid for discrete groups. 

Last but not least, Theorem 13.511 ensures the existence of an one-to-one corre- 
spondence between covariant systems and crossed products. This is the main 
motivation for the application of crossed products in this thesis, since in our 
general case where a does not act spatially on 9Jt, it endows us a spatial action 
on the corresponding crossed product. Thus we can transfer the analysis from 
9Jt onto 9Jt Xq G, apply the results we already have obtained for the spatial 
action on 9Jt and project them back onto 9K itself. 

3.5 Decomposition Theory 

Corollary 3.53 For a non-vanishing element X of a normed space X there 
always exists a hounded linear functional p on X such that \\p\\ = 1 and p{X) = 
\\X\\. 

Proof: On the subspace Xq oi X , generated by Xq G X only, one can define the 
bounded linear functional 

Po(cXo) := c||X||, Xq£Xq, 

which satisfies the demanded conditions \\pq\\ = 1 and p{Xq) = H-'^oll- Thanks 
to the Hahn-Banach theorem, this functional can be extended to a still normed 
functional p on the whole algebra X. 

□ 

Theorem 3.54 Let X he a normed space and X* its dual space, then the map 

X — >C{X*,C) 
X ^ X 
X{p) := p{X) 

is an isometrical isomorphism from X onto the suhspace X := C{X*,<C) of X** . 

Proof: Obviously X is a linear functional on the dual space X* and the map 
X 3 X — > X G C{X*,C) is a linear operator from X into the double dual 
space X**. For p e X* and X G X with 

|X(/,)| = |p(X)|<||/,||||X|| 

we can choose p as in the Corollary 13.531 namely 

|X(p)| = ||X|| = ||/>||||X||. 

Consequently ||X|| = ||X|| holds and the isomorphism is isometrical. 
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□ 

Definition 3.55 An normed space X is called reflexive if X = X** holds. 

Corollary 3.56 A closed subspace of reflexive space X is reflexive. 

Proof: If 3^ is a closed subspace of the reflexive space X and Y** £ y** , then 
the mapping 

X** B X** ^ Y**{X\y) 
lies in X**; this conclusion is justified by 

|y**(X*b)|<||(X|3;)||||(X*b)||<||(X|3;)||||X*||. 

Since X is a normed, reflexive space one can find an element X £ X such that 

X*{X) = Y**{X*\y,.,) (3.19) 

holds for all X* G X*. The assumption X ^ y would lead, as 3^ is a closed 
subspace, to the existence of a functional X* £ X* with X*{X) = 1 and 
X*\y = and finally to Y**(X*\y) = 0, in contradiction to Equation (j3.19p . 
Thus we are allowed to assume X £ y and only the relation 

Y** ^Y*^ _ Y*(Y) 

remains to be proved for all Y* £ y* . But let herefore an arbitrary Y* £ y* be 
given, then one can extend it, due to the Hahn-Banach theorem, to a functional 
onto the whole space X* such that: 



Y**(Y*^ _ fc^a _ Y*(Y) 

Thus one has 3^** = 3^ and y is reflexive. 

□ 

Corollary 3.57 For a normed space X the following statements are equivalent: 
(i) X is reflexive, 
(a) X* is reflexive. 

(Hi) The unit ball^i of X is (weakly) a {X , X*)- compact. 
Proof: (i)=^(ii) It has to be shown that the mapping 

IX* ■ — > 

is surjective. For a given element X*** £ X*** the mapping 

X* -.X — >C 

X ^ X***{ix{X)) 
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is linear and continuous. Because X is reflexive, each X** G X** can be written 
as X** = i;i:{X) and one obtains 

X***{X**) = X*** {ixiX)) = X*{X) = {ix{X)) (X*) = X**{X*). 

Consequently, each X*** has a pre-image 

X*** = ix*{X*) 

and X* is reflexive. 

(ii) ^^(i) Repeating the argumentation of the first part X** has to be reflexive 
and therefore, due to Corollary 13.561 the closed subspaces ixiX) and X, too. 
(i)^=^=-(iii) Thanks to the theorem of Alaoglu the unit ball of the dual space of a 
normed space is (t(A'*, Af)-compact. This means that we are allowed to assume 
the unit ball X^* of the double dual space X** being (t(A:'*, A')-compact. But 
since we may identify X** with X and the mapping 

— , X** 

is a homeomorphism, the unit ball Xi of X has to be cr{X, A'*)-compact. 

(iii) ^=^>(i) If Xi is a"(Af, A'*)-compact then its image i{Xi) in X** must be 
a"(A'*, A')-compact, this means in particular that it is closed. But this image is 
always a{X* , X)-dense in the unit ball of the double dual and we conclude that 
i{Xi) = Xi* , i.e. X is reflexive. 

□ 

Corollary 3.58 The double dual space X** is identical to X under the a{X*,X)- 
topology. 

Proof: This statement is a direct consequence of the last two corollaries. 

□ 

Corollary 3.59 The states over a -algebra 21 form a convex set denoted by 
©21 in the dual space 21* of 21. 

Proof: Let cui and uj2 be two states over 21, then a linear combination uj := 
XiOi + (1 — X)i02 with A G [0, 1] is still positive and furthermore one has 

+ wall = lim {u;i{eI) + uJ2{EI)) 

a 

= lima;i(£;^) + limu;2(£^^) 

a a 
= \\uJl\\ + ||W2||- 

Therefore we obtain 

\\uj\\ = AllcJill + (1 — A)||cJ2|| = 1 
and oj is shown to be a state. 
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□ 

Corollary 3.60 Let be the convex set of states to with \\u}\\ < 1 over the 
-algebra 21 then *Ba is a weakly* -compact subset of%* whose extremal points 
are and the pure states and ^Ba is the weak* -closure of the convex envelope of 
its extremal points. 

Proof: The first statement follows from the fact that 25a is a weakly* -closed 
subset of the weakly* -compact unit ball 21^ := {w G 2l*| ||a;|| < 1} of 21*. 
Concerning the extremal points, the assumption to, —uj G 532i leads to uj{A*A) = 
and therefore io{A) = for all A G 21. Consequently to = and has to be 
an extremal point. Let us suppose next that the pure state lu G ^a could be 
described as a convex combination 

w = Awi + (1 - A)w2, A G (0, 1), 

of the states uji,uJ2 G This would mean lo > Xuji and thus due to purity 
Xloi = jjLU for an appropriate ji G [0, 1]. Since all three states are normed, i.e. 

||a;|| = A||a;i|| + (1 — A)||a;2|| = 1 and||a;i|| = ||a;2|| = 1, 

it follows that A = /x and therefore u = u}\. With the same arguments one 
concludes u = U2 and consequently the pure state u must be an extremal 
point. 

Let us now assume the existence of an extremal but not pure state u) G *8a- 
Accordingly there exists a state ooi ^ u> and a number A G (0, 1) such that 
u> > Awi, and we can define a new state UJ2 ■= (1 — A)~-^(a; — Xui). But this 
is contradictory to our assumption because uj can be described as a convex 
combination of toi and a;2 and therefore can not be an extremal point. 
The last assertion follows from the Klein-Milman theorem. 

□ 

Corollary 3.61 For a -algebra 21 the following statements are equivalent: 

(i) The set of states Sa is a{^* ,^)- compact; 
(a) 21 is unital. 

If these conditions are fulfilled then the extremal points of&% are the pure states 
^a ©a is the weak* -closure of the convex envelope o/^a- 

Proof: (i)^^(ii): We want to show that if 21 does not contain the unity 1 then 
the set of states ©a is not weakly* -compact. For this purpose it is sufficient 
to prove that every arbitrary neighborhood of includes a state. Since each 
element of 21 can be described as a linear combination of four positive elements 
we can restrict ourselves to the neighborhoods indexed by Ai, ...,An G 21+ . Let 
us consider an arbitrary clement A = Ai -\- ■ ■ ■ -\- An G 21+ and a faithful nonde- 
generate representation {Sj, vr) of 21. Because A has no inverse in 21 and thus no 
one in the unitalization 21 := 21 -|- CI of 21, Tr{A) cannot be invertible in JC{Sj). 
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Thus there has to exist a unit vector ip £ f) with uj^{A) = < e which 

holds the demanded property. 

(ii)^=^>(i): For a unital C*-algebra 21 the set of all states Sgt can be written as 
the intersection of iBgi with the hyperplane w(l) = 1 and we can apply Corol- 
lary EM 



□ 

Theorem 3.62 (Central decomposition) Let p be a state on a separable 
C* -algebra 21 and fj,p its central measure on 21, then there exists an essentially 
unique Borel function 21 9 A — > pj^ G 5^21 with its relative Borel structure such 
that 



p{A) = J p^iA)dfipiA) 
for all A in the enveloping Borel* -algebra ^Bgi o/2l. 
Proof: Confer [45, 4.8.7.]. 

□ 

Lemma 3.63 Let E 6e a locally compact topological vector space and K a com- 
pact convex subset. Then for each measure fi G M]*"(K) there exists a unique 
point y, the so-called barycenter of p,, such that for ip £'E* one has 



'fiy) = / v{x)dp{x). 
Proof: First, for a measure p with finite support, 

oo 

P = '^Xi6^i, 

i=l 

where Aj > and Yl'^i -^j = !> the barycenter is given by 

oo 

y = Yl 

i=l 

and is included in K as K is a convex set. In general, a measure p G M^(K) can 
be written as a (t(E*, E)-limit of a sequence of measures {pn)neN, Pn G Mj''(K), 
having finite support. Since the barycenter for each /x„ lies in K and K is 
compact, there exists a convergent sequence of barycenters {yn)nm such that 

ip{y) : = lim ip{yn) 

n—*oo 

= lim / ip{x)dpn{x) 

= / ip{x)dp{x), 
Jk 

for all G E*. The uniqueness of y is assured as f separates the points of K 
by the Hahn-Banach Theorem. 
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□ 

Definition 3.64 Let K is a compact convex set, then for each real-valued con- 
tinuous function f G Cir{K.) one introduces the boundary set 

Bf:= {xeK\f{x) = f{x)}, 

where f is the upper envelope of f . A measure on K is said to be a boundary 
measure if the absolute value of ji vanishes for all f G Cm{K) on the complement 
ofBf, i.e. H(Sp = 0. 

Lemma 3.65 Let K. is a compact convex set, then one has 

oo 

de{K)= fl {BflfeCmCK}. 

n=l 

Proof: Let x be an extremal point of K, then the set of all measures representing 
X consists only of the point mass measure, M+(K) = {Sx}- Thus we obtain 
f{x) = f{x) and with this x G 0^=1 {^/l / ^ Cir(K}. 

Let us assume now x G Hn^i {^/l / ^ C]r(K}, then one gets, due to the 
equation — / = (—/)'", the identities f{x) = f{x) = /, where / denotes the lower 
limit of /. Because of 6x{g) < v{g) for all v G M+(K) and all elements g of 
yl.(K), the set of real- valued continuous affine functions on K, the following 
chain of inequalities 

f{x) = fix) < u{f) < u{f) < u{f) < fix) = fix) 

holds, and we can conclude v = dx- Consequently, x has to be an extreme 
point, since it is not describable as a non-trivial convex combination of other 
points in K. 

□ 

Every state ip G ©a on a C*-algebra 21 may be represented by a boundary 
measure /j, via 

^iA) = [ ^PiA)dixii;), 

where ^ G 21. In the case of 2t being a separable C*-algebra, n has its support 
on the extreme boundary of the state space, supp/x C 5e(62l) = ^21) so that we 
may write: 

^iA) = [ ^PiA)di^i^), 

Proposition 3.66 A measure pL G M+(K) is extreme, i.e. > vif) for all 
V G and all f G CmiK.), if and only if it is a boundary measure. 
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Proof: For a maximal measure /i G M^(K) one has /^(/) = for ah / G 

C]r(K), and therefore n has to be a boundary measure since l^{Bj) = 0. 

Let us now assume that /it is a boundary measure. In this case = and 
therefore //(/) = follow for all / G C]r(K). If we suppose the existence of 
a measure u G M+(K) with > for all / G C]r(K), then one obtains: 

m = Kf) < ^(/) = '^{f) < <!) < m = Kf)- 

Consequently, /i and u must be the same measure. 

□ 

Definition 3.67 Let Aa be a unital C* -algebra, then a measure ji G M^(K) 
is said to be orthogonal if the Junctionals 

<^e{A) := / ip{A)di^{ip) and 
Je 

ipEc{A) := [ ^P{A)d^i{^P) 

are orthogonal, i.e. < ip' < (fE o-nd < ip' < ipE^ imply tp' = 0. 

Proposition 3.68 If the measure fj, G M.'^^&s^i) with barycenter ip is orthogonal 
then it is a boundary measure o/M+(62i)- 

Proof: Let /x be an orthogonal measure, then the map 

e^:L~(©2i,/x)^7r^(2l)' (3.20) 

6(1) :=1, 

where A is an element of Aa, can be shown to be injective. If / is orthogonal 
to the set .4c(6a) := {A\ A G 21}, where A{'ip) := tl){A), then we obtain for all 
elements A, B G 21: 

(e^(/)7r^(A)e^,7r^(i?)4^) := / /(V')V(i?M)dM(V) = 0. 

This leads to 6/^(7) = and therefore to / = 0. Because of the duality relation 

L^{&<21, IJ,)* = L°°{&(^i, iJ.) the set Ac{&^) has to be dense in L^{&<^,fi). Let 
us assume that our measure is not extreme, i.e. it can be written as a convex 
combination jj, = ^(/xi + IJ.2) with //i,//2 £ M+(Sa)- Obviously < /Zj < 2ip, 
i = 1,2, and thus there exist functions hi,h2 G L°°{&^,ii) with < /i^ < 2, 
i = l,2, and satisfying 



/ /(V)dw(V') = / f{i^)K{^p)d^{^p) 
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for all / G L°°(62i, /i). Additionally, both /ij are representing ip, fii £ M+(©2t)) 
resulting in 

for all ^ G 21. Hence I — hi has to be orthogonal to Ac, and since is dense 
in L^(&(}i,fi), we obtain the identity hi = 1, i = 1,2, in L°°(&<^, fi). Finally, we 
conclude fj, = f^i = fi2 and fi must therefore be an extremal measure. Due to 
Proposition 13.661 fi is also a boundary measure. 

□ 

We will need in the following the range of the isomorphism 0^, defined in 
(|3.20p . which can be shown easily to be an abelian von Neumann subalgebra of 
7r<^(2l)'. We denote it by <t^. The next proposition justifies its importance since 
all informations of the associated orthogonal measure fi is encoded in 

Proposition 3.69 For each abelian von Neumann subalgebra (L o/7r^(2t)', where 
ip G ©21, there exists a unique orthogonal measure fi G 'M.'^{&<n) such that 

^ = e:^. 

Proof: Because the vector is cyclic for tt^{^) and <t lies in 7r(^(2l)', has to 
be separating for <t and the normal state <^(j4) := {A^i^, ^(^) must be faithful. If 
E is the projection onto [C^^i^] then is maximal abelian, because is also 
cyclic with respect to (Le and the map 

(Lb A^ Ae e (Ce 

is isomorphic. Because of the identity (G^^;)' = {^')e and the inclusion ETr^{A)E C 
£e we may define the positive mapping 

G : 21 — 

A ^ @{A) 
Q{A)C^ := vr^(A)e^, 

with 0(1) = 1. One may establish with the help of the transposes of a 
continuous map 0* : ^ — > ©21, where ^ is the spectrum of £, and also a map 
0** : C(S2t) — > an extension of the original map Q. We obtain now by 
defining fj, := ipQ** G M^(S2t) a representing measure for if, since one has: 

^{A) = {7T^{A)C^,Q = {e{A)^^,Q 
= ipoe{A) = ipoe{A) 

= [ A{^)dfi{^) 
= / ^lj{A)df,{^). 
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Because : ^(©21) — > ^ is a homomorphism transporting ip into /i, ©** is 
extended to a normal isomorphism 

e^:L°°(62t,;u) -^e:. 

The algebra (^o generated by E7r^{^^)E on ES)^ = [^Cf] is a von Neumann 
subalgebra of G^^; which itself is generated by G(2l). Because of 

[e:oe^] ^ [ETT^i^)E^^] = [ETr^i^)^ = E% 

the vector must be cyclic for and, consequently, C^o has to be a maximal 
abelian von Neumann subalgebra, which means = ^- Therefore E7r^(J^)E 
generates (Ce, 0(21) generates <t and accordingly we obtain 0**(L°°(/i)) = C^. 
Now, we can identify with 0^ defined in ()3.20p due to the following relation 
with / G L~(//): 

{7T^{A)Q{f)(p,Q = {E7:^{A)EQ{f)i^,Q 

= [ A{i;)f{^p)dfi{i^) 

= / ^l;iA)f{^|J)d^,{^^J). 

The last thing to show is the uniqueness of the orthogonal measure. Let us 
consider two orthogonal measures /i, G M]*'(S2i) with their associated abelian 
von Neumann algebras £^ and (t^. We may assume £^ = ^i, and = 
[e^j/^,^]. As shown above, we have for all A G 21 

0^(i)e^ = ETT^iA)^^ = 0.(i)e^, 

0^(i)^ = E7Tp{A)C^E = e^iA)E, 

and herewith @^{A) = @uiA) for all ^ G 2t. Thus we have proved that 0^ and 
Q,y coincide on the C*-algebra generated by the set {^| A G 21} = Ac(&%), 
which is, due to the Stone- Weierstrass Theorem, equivalent to C{&<^). Finally, 
we conclude for all / G C{&<2{): 

□ 

Definition 3.70 A measure fi G M||''(K) is said to be pseudo- concentrated on 
a subset K' if ^(L) = for all Baire sets L C K disjoint from K'. 

Theorem 3.71 If % is a unital C* -algebra and fi is an orthogonal representing 
measure of (p £ Sgt whose associated abelian von Neumann algebra is max- 
imal abelian in 71(^(21)', then fi is pseudo -concentrated on the pure state space 
^21. In the case of a separable C* -algebra 21 the measure /i is concentrated on 
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Proof: First of all, 6^(C(Sa)) C commute with 7r(^(2t), and therefore there 
exists a representation of the injective tensor product := C(©2i) ^min^ such 
that 

nif ®A) = e^(F)7r(^), V/ G C(6a), 

and ^ G 21. Because the vector is also cyclic for t^is representation vr of 
€21 is cyclic for with respect to and unitarily equivalent to tt^, where 

^(X) := (7r(X)e^,^^), X€(t^, 

is a state on £21. For this reason, we may identify the two representations tt 
and TT^, and show the multiplicity freedom of tt^, 

7r^(e:2i)' = (vr^(2t)ue^(e:(62t)))' 
= vr^(2iyne4(j:(6a))' 

= 7r^(2l)'n£;, 

where we have used the maximal commutativity of in 7r(p(2l)'. Therefore 
there exists for tt^ the unique maximal representing measure p, which is pseudo- 
concentrated on the extremal points of the state space of £31, i.e. the pure states 

■ But we also have ^Pc^j = 621 x ^21. 
Now we want to investigate the maximal measure fi and its uniqueness. Let us 
consider the the homomorphism 

$ : ©21 — > 

and we will show jl = ^(/u). If we set g := ho where h € L°° (©g^ , , 
then we obtain for every / G C(©2i) and vl G 21: 

/ h{iP){f^Ay{'iP)d^fi).= [ h{iP^^){f^Ay{'i/;^^)du^ 

= [ g{^)f{m{^)du^ 

= {@^^{g)^^^if^A)^^,^^). 

A linearisation leads to 

/ h{i^)Xii^)d<^{fx). = {e^ig)7r^{X)^^,^^) 

for X G (C2I) which shows that is a representing measure of (p with 6(^(ju) = 
o $*, where := /i o $ for ah h G L°° (©(r^, , $(/i)) . Our assumption 

jl = is valid, because of the uniqueness of jl and the isomorphisms 

: L°° — > L°°{n) and 
e<^(^):L- ($(/.)) 
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It remains to prove that n is pseudo-concentrated on the pure states ^Pa- 
this purpose we define the embedding i : 2t — > £21 and with this map the 
continuous restriction i* : S^^j — > Sgi ^or which wc liavc i* o $(^) = ?/'• For 
a G^-compact subset E C 631 which is disjoint from ^2(, the set {i*)~^{E) is a 
G^-compact subset of ■ As shown above, we obtain 

leading to {i*)~^(^E D ^(t^i) = 0- But /i is a boundary measure on so that 
we get /x((z*)~^(£^)) = and herewith: 

^^{E)=^,{^*o<^>)-\E)) 

= ^{<f-\ierHE))) 

= ll{(i*)-\E)) 
= 0. 

Thus we have shown that ji is pseudo-concentrated on the pure states of 21. 

□ 
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Chapter 4 



Non- Commutative 
Martingales 

Zwei, denen ich auf der Promenade begegnete, 
stellten sich mir gleich zweimal vor. Erst der Herr a 
und dann der Herr b und dann der Herr b und drauf 
der Herr a, und dann fragten sie mit siiffisanter Miene, 

ob das nicht gleich sei... 

Wilhelm Busch 
Eduards Traum 

The purpose of this chapter is to give a straightforward introduction to the tran- 
sition from classical probability theory to its non-abelian counterpart, where we 
restrict ourselves to the very basic notions and concepts which are crucial for 
our investigation of non-commutative martingales. The first part on commu- 
tative probability theory is excerpted mainly from [8], [H] whereas our non- 
commutative formulation is based on [14j . 

In classical probability theory one considers the underlying triple {Q,A,P) 
comprising a set ri, a ci-algebra A of subsets of O and a probability measure 
P : A — > ]R. An A — yi'-measurable mapping 

X M — >n', 

where {i}' ,A') is a measurable space, is called a random variable with values in 
Q' or a (0', A') -random variable, where we suppose P to be fixed. 
A family of events {Ai)i^j, where Ai £ A and T is an arbitrary discrete or 
continuous index set, is said to be (stochastically) independent with respect to 
P if for all non-void subsets {ii, in} of distinct elements of T one has 

P{A,,n...nA„) = P{A,)...p{A„). 

A family {Ai)i,^j of subsets of the cr-algebra is called independent if all possible 
combinations of events Ai^ £ Ai^, /c = 1, ...,n, are independent. 
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Definition 4.1 A family (^t)tgT of random variables on a common proba- 
bility space (QjAjP) is said to be independent if the corresponding generated 
a-algebras form an independent family (cr(Xj))^^^. 

A stochastic process is a quadruple (p,,A, P, (Xt)t&T) consisting of a probability 
space and a family {Xt)t^^ of random variables on a common probability space. 
Let us suppose T to be an ordered set, usually it is assumed to be N or IR, then 
a filtration {S't)teT is an increasing family of cr-algebras of O,, i.e. 

s<t =^ %c3^t, s,teT. 

In case of S't being a <T-subalgebra of A for all t G T, {3^t)teT is called a filtration 
in A. The family {Xt)t£j is said to be adapted to the filtration {3^t)teT if 
is J'(-mcasurablc for all t G T. For our purposes it suffices to consider real 
valued random variables, i.e. (IR, ]B)-random variables, which transform P to a 
probability measure Px '■= X{P) on IR. 

Definition 4.2 Let {Q,A,P) be a probability space and {Xt)teT o, family of 
integrahle real random variables adapted, to the filtration {3^t)te'f in A. Then 
{Xt)tQi is said to be a supermartingale with respect to {S't)teT 'if for all s,t G T 
with s <t one of the following equivalent conditions holds: 

(i) E[Xt\Js) ^ P -almost surely; 

(ii) XtdP < XsdP for all CeS^s- 

{Xt)teT is called a submartingale with respect to {3't)teT if {—Xt)teT is a super- 
martingale. If (Xj)tgT is both, then it is called a martingale. 

Example 4.3 Let us consider a game between two players A and B described 
by an independent sequence {Xt)t£N of random variables with values ±1 and 
expectation E{Xt) = 2p—l for alH G N and < p < 1, where the outcomes +1 
and —1 are interpreted as win and loss for the player A, respectively. Player A 
owns an initial capital Sq and chooses before the start of the game a sequence 
of functions 

6t :{-l,+l}*^IR+ 

representing his bet in the t-th round, namely bt{Xi, ...,Xt) with < 6o < 'S'o, 
determined by his fortune in the last t rounds, constitutes his wager for the 
(t + l)-th round. Wc suppose that contrary to the first player player B does 
never bet. Then, the cumulative gains of player player A 

St+i = St-\- bt{Xi, ...,Xt) ■ Xt+i 

form a sequence of integrable random variable {St)tQ^. If we set 



'■= A{Xi, ...,Xt), 
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then {3't)t£N is obviously a filtration in A. Moreover, 5"^ is adapted to {3't)teN, 
i.e. is 3"t-measurable for all n G N, and one gets almost surely for all t G N: 

E{St+i\Xi, ...,Xt) =St + btiXi, ...,Xt) ■ E{Xt+i\Xi, ...,Xt) 
= St + bt{Xi,...,Xt)-E{Xt+i) 
= St + {2p-l)bt{Xi,...,Xt). 

Thus, {St)teN constitutes a supermartingale for p < ^, a submartingale for 
p>\ and a martingale for p = ^. One may refer only to the last case as a fair 
game. 

In this thesis, we want to exemplify the transfer of statements on convergence 
properties of martingales to non-commutative probability with the following 
theorem. Its non-commutative analogue will be dealt with in Chapter five. 

Theorem 4.4 Let (Xt)teT be a martingale with respect to the filtration {9't)t^T 
satisfying 

E{\Xi\^) <E{\X2\') <E{\Xs\') <... 

and 

lim E(\Xi\^) =: c < oo, 

then 

(i) Xao '■= limj^oo exists with probability 1 and 
(a) the family (Xi, X2, Xqo) constitutes a martingale. 
Proof: [18, Theorem VII.4.1.] 

(i) Since the sequence of expectations ^-E'(|Xjp)^ is increasing and bounded, 

the existence of its limit limj^oo -E'(l-'^iP) and therefore of Imii^ao E{\Xi'\^ 
is ensured. The existence of Xqo then follows from Doob's upcrossing 
inequality. 

(ii) Moreover, boundedness implies also uniform integrability for all X^, t € T. 
The martingale property of {Xt)t<^f means for s < t and 9" C J's 

/ XtdP= I E{Xt\'Js)dP= [ XsdP. 

Finally, uniform integrability allows to take the limit t — > 00 under the 
integral of and one obtains 

/ X^dP= [ XsdP, VsGT. 
i.e. the martingale property of the family {Xi,X2, ...,Xoo)- 
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□ 



In the functional analysis framework, the space of probability measures on 
IR may be identified with the space of all states on Coo (IR') ; the space of all 
continuous real-valued functions vanishing at infinity, and therefore the X may 
be rewritten as: 

X -.CooOR) ^ L°°in,p) (4.1) 

f^foX. 

or 

X* : L\n, P) = L°°{n, P), Coo(IR)* 

Hence, the random variable X constitutes a *-homomorphism from the abelian 
C*-algebra CoolIR) to the abelian von Neumann algebra L°°{Q,P). 
The approach of [H] for the non-commutative formulation of probability theory 
is to substitute in two steps both algebras by non-abelian ones. They start by 
allowing the right hand-side of l4.1l to be a general (non-abelian) von Neumann 
algebra 971 acting on a Hilbert space S), i.e. 

X : Coo(IR) — > (971, io) =m. 

The probability measure P is represented by a normal state (p : 9Jt — > C which 
is transformed by X* to a state on Coo(IR) 

X' : (m,^), ^Coo(IR)* 

ip^ X\ip), 

where we have identified 971* with 97t*. Since X^{ip) determines uniquely a 
probability measure on Coo(IFl) and the spectrum of Coo(IR) is IR itself, classical 
probability theory can be applied. 

In a second step, the left hand-side of 14.11 mav be generalised to an arbitrary 
(non-abelian) C*-algebra 21, 

X : 21 — > 97t, 
X* : e(97t) — > 6(21), 

and X becomes a representation of 21 on the 97t-valued Hilbert space ij. Thus, 
a probability space in the non-commutative sense is a pair (97t, (p). 

Definition 4.5 Let if be a faithful (semi-finite normal) weight on a von Neu- 
mann algebra 971 and 01 a von Neumann subalgebra of 97t such that the re- 
striction ip\^ is semi-finite. A linear mapping £ is said to be the conditional 
expectation of Tl onto with respect to if if the following properties are satis- 
fied: 
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(i) \\£{A)\\ < II All for allAe Tl; 

(ii) £{A) =A for all A £ OT; 
(in) = if o £ . 

Faithfulness of (p is the non-commutative analogue of a non-vanishing probabil- 
ity measure P{A) if A is not a null set whereas semi-finiteness and normality 
reduce to cr-finiteness and monotone convergence, respectively. Moreover, if we 
let 

m := L^{n,A,P),X G L^{n,A,P) 
and Y em:= L^{n,'B,P), 

where "B C A, then the classical case can be also easily recovered for the defining 
conditions as following: 

(i) E{\E{Xm\) < E(\X\); 

(ii) EiYlT,) = Y; 

(iii) PiEiXm) = P{X). 

The existence of a conditional expectation iS of 9Jt onto is also equivalent 
to the invariance of the subalgebra with respect to the corresponding modular 
automorphism group, i.e. = *H for all 4 G IR. Moreover, £ can be shown 

to have the following properties: 

£{x*x) > 0, X em- 

£{AXB) = A£{X)B, Xem,A,Bem; 
£{X)*£{X) <£{X*X), xem. 



Theorem 4.6 A conditional expectation £ofm onto with respect to (p exists 
if and only if ^ C dJl is invariant under the modular automorphism group 
with respect to ip, i.e. cr^(OT) = for all t £ IR. 

Proof: Confer [52, Theorem 4.2.]. 

□ 

Definition 4.7 Let ^ be a C* -algebra and dJt a von Neumann algebra. Then 
a non- commutative stochastic process is defined as a sequence {Xt)t£j of inte- 
grable random variables Xt : 21 — > 9Jt. 

Proposition 4.8 IfdJlisa von Neumann algebra, a von Neumann subalge- 
bra of Tl with = n 9Jt = 3^, and £ a normal projection from Tl onto 71, 
then £ is faithful and unique. Moreover, £ is the conditional expectation of dJl 
onto with respect to p := ipo£ for all faithful, semifinite and normal weights 
ip on 91. 
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Proof: See [52' Proposition 4.3.]. 



□ 



Definition 4.9 Let (dJl, (/?) be a non-commutative probability space, then a fam- 
ily {dJtt)t£T of subalgebras of DJt is said to be independent if the following con- 
ditions hold: 

(i) [At^,At^] = for all At, G Mt, and tj / tk; 

(a) ip{Ati---AtJ = ip{AtJ---ip{At„) for all combinations of At^ G Tlt^, 
where {ti, ...,tn} is a non-void subset o/T. 

There exists a weaker version of independence formulated in terms of conditional 
expectations which we will denote by ^^-independence. 

Definition 4.10 Let dJtt and m, Tit D ^ for all t eT, be subalgebras of Tl 
and £(yi : dJtt — > a conditional expectation, then the family (9Jlt)fgT is called 
£ -independent if 



where A G Tit, t £ T, and B is an element of the von Neumann algebra 
generated by (97ts)s5^t- 

Definition 4.11 Let (971, (/?) be a non- commutative probability space, then a 
family of random variables {Xt)te'f is said to be independent if the family 



In classical probability theory, independence in terms of the probability measure 
P implies the one via the expectation. This is directly verified by the multipli- 
cation theorem for independent and integrable random variables Xi,X2, ■■■,Xn 



We continue with the non-commutative counterpart. 

Lemma 4.12 For algebras, independence implies £ -independence. 

Proof: For all A £ Tit and all elements B of the von Neumann algebra generated 
by {Tls)s=/=t we obtain: 



£<n{AB) = £^{A)£<n{B) 





^{£^{A))^{B) = ^{£<niA)B) 



= ip{£<n{AB)) 
= ^{AB) 



= ^{AMB) 
= ip{£tiA))^{B) 
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Therefore we conclude 

^ v{£^{A)-£t{A))=Q 
=^ £^{A)-£t{A) = Q, 

where we have used for the last implication faithfulness of The last statement 
is equivalent to 

£^{AB) = £^{A)£^{B), 

confer [H p.l28]. 

□ 

Definition 4.13 A filtration in OJt of the non- commutative probability space 
(9Jl, is an increasing sequence {dytt)teT of von Neumann subalgebras of dJl 
such that U^^j^Mt is a-weakly dense in DJt. A family {Xt)teT of random vari- 
ables on (9Jt, (/?) is said to be adapted with (dJlt)t£T if Xt £ L^{^)Jlt). For a 
random variable X on (OJt, 99) we define its conditional expectation with respect 
to Tit o,s 

£s{Xt) ■.= £{Xt\ms). 
Obviously, one has for two subalgebras Tit and Tls 

£t O £s = £s ° £t = £mm{s,t}- 

The following diagram shall illustrate the aforementioned notions. 




Now, we are in a position to define the main object of interest, namely a non- 
commutative martingale which will be investigated in Chapter five in the con- 
text of Galois correspondence and von Neumann subalgebras. 

Definition 4.14 A sequence {Xt)teT of random variables on {Tl,ip) is called a 
non- commutative martingale with respect to the filtration {Tlt)t^T in Tl if for 
all s,t gT with s < t 

£{Xt\ms) = Xs 

holds. 
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Chapter 5 



Galois Correspondence and 
Non- Commutative 
Martingales 

What I tell you three times is true. 

Lewis Carroll 
The Hunting of the Snark 



The main results of this thesis are comprised in this chapter. We start with 
the discussion of invariant states with respect to automorphism groups and we 
show the existence of a non-trivial invariant von Neumann subalgebras. 
The next section is concerned with Galois correspondence for compact auto- 
morphism groups and is opened by a summary of general notations and some 
well-known facts on the structure of von Neumann algebras, especially that of 
factors. The bottom-up analysis is divided in three consecutive cases, namely 
in inner, spatial and general automorphism groups. An short comparison with 
the approach of Izumi et al. [30] concludes this section. 

Finally, we apply the whole apparatus and results to non-commutative prob- 
ability theory as introduced in chapter five, i.e. non-commutative martingales 
are identified. 

5.1 Invariant Spaces 

According to the principle of Galois theory we assign to each subgroup H a 
subalgebra Tl^ of 9Jl invariant under the action of H, but first we should 
guarantee at least one of them not to be trivial. Here, this is done indirectly 
through the dual von Neumann algebra 

Proposition 5.1 Let G be a compact group acting on a von Neumann algebra 
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a : G — > Aut(9Jl), and define the annihilators 

mf := G ip{A) = G 971^} and 
{m*)f := {a G m\ ip{A) = V(/9 G (971*)*^}. 

T/ien one /las i/ie following identities: 

m = m^ + {m*)f, 

Proof: Let us consider the following injections and their implication: 

=^ m* — > {m^)\ 

The mappings on the right hand-side are due to the Hahn-Banach theorem 
both surjective. The second dualization has been carried out with respect to 
the cj(9Jt*, 9Jl)-topology and therefore we may identify the double dual DJt** with 
SDt itself. Thus we obtain, thanks to this identification, the next two injections 

i-.m*^ — > [(971*)^]* and 
i* : (9Jl*)^ — > (9Jl^)*, 

where i*, obviously, is the dual mapping of i. Also here, we have used the 
closeness and therefore reflexivity of the subspace (9Jl*)^, see Corollary 13.561 . 
We want to investigate, firstly, the mapping i and choose an arbitrary linear 
functional (f in [(OJl*)*^]*, then we can find for it, due to the Hahn-Banach 
theorem, an extension <I> operating on the whole double dual space 9Jl** = 9Jt. 
Because our group G is compact, each $ defines through the integral 

/ a5($)d^(g), 
Jg 

where fi{g) is the corresponding Haar measure, an invariant element of the 
algebra 97t. Consequently, the mapping i has to be surjective and therefore 
bijective: 

With the same arguments we prove the isomorphism 

{m*^)* ^ (9K*)^. (5.1) 
Each element A £ dJl defines through the equation 

^« := / aa{A)df,^g) 
JG 
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a G-invariant element and their difference lies in (971*)^, as sfiown by the 
calculation: 

= ^{A)- [ ip{a\A))dfi{g) 



cp{A) - / ip{A)dfi{g) 



= ifiA) - ip{A) / dfi{g) 
Jg 

= 0. 

In the last equation we made use subsequently of the compactness of the group 
G. Thus we may write 

In the same manner one may perform the proof of the second assertion. 

□ 

Theorem 5.2 To each a-compact (locally compact) group G and von Neumann 
algebra dJl there always exists a non-trivial subspace &^ C Sgi of G-invariant 
states. 

Proof: Let {Un)neN be an increasing sequence of open neighborhoods of the unit 
element of G covering the group G. Then there exists a 'locally left invariant' 
measure fiu^ which is the restriction of the Haar measure on G, i.e. one 
has 

/ aS' o a3f{g)dti{Un) = [ f{g)d^i{Un) (5.2) 
Ju^ Jul 

for all (7 G G and test function / with supp/ C Un- 

Next choose a sequence of compact subsets, {Kn)neni = Un with IJ^j^ Kn = 
G with 

Since Sst is (7(2t*, 2l)-compact one can always find a subsequence such that 

if := lim ipn := lim / a^(f))f{g) ] dfi{Kn), 

where / is a test function with support in and (j) G &<^, exists in the state 
space. Consequently, the state ip is G-invariant because due to ()5.2p one derives 

JkI n[a9 [Kn)) 

a^icP)fig)-^-^-—^di,{Kn) 

= 

for all n G N. Because each state is of norm one the limit cannot be zero. 
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□ 

Remark: The construction of an G-invariant element in would in general 
not apply to the algebra 2t itself because the limit of the integral could converge 
against zero. The subset 2li would not be an alternative as it is not compact. 

Proposition 5.3 //H is a normal subgroup of the locally compact G, then the 
subset (SDT*)^ of the dual space DJl* is G-invariant. 

Proof: Since H is a normal subgroup, for /i G H and g £ G the element 
h' := ghg~^ is again contained in H. But then one obtains for a functional 
(pe{m*)^ with 

If := lim ipn := lim / a'^{ct>)f{g) ] d^x{Kn), 



where Kn 



□ 



Theorem 5.4 Let G be a locally compact group acting on a C* -algebra 21. 
Then the G-ergodic states on 21, i.e. the pure states in are contained in 



Proof: Let us consider the continuous unitary representation U^p of G on the 
Hilbert space S)^p defined by 

U^{g)TT^{A)£,^ := vr^ o a^{A)^^, 

where 5 G G and vl G 21. U^p is unique up to unitary equivalence and possesses 
the following properties: 

U^{g)T^^{A)U^{gY = ^^oa9{A) 
and U^{g)i^ = 

Due to Proposition 13.69] we can choose the maximal abelian von Neumann sub- 
algebra C 7r(p(2l)'nC/<^(G)' such that ^ is the unique representing orthogonal 
measure of the G-invariant state 99. With the choice of 21*^ the conditions of 
Theorem 13.711 are complete and, therefore, /i has to be pseudo-concentrated on 
*P2iG ! the extremal points of the state space on 21^ . But due to the isomorphism 

(mf^y = (9Jt*)^, 

proven in (jS.lh /i is pseudo-concentrated of de{&'^)- The measure is due to 
Proposition 13.691 unique and, as an orthogonal measure thanks to Proposition 
13.661 and Proposition 13.681 must also be pseudo-concentrated on the pure states 
of 21. Consequently, we obtain the inclusion 9e(©^) ^ ^P^. 

□ 
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5.2 Galois Correspondence for Compact Groups 

First of all, wc want to clarify our notation, where we follow standard defini- 
tions, and give some vital well-known facts. 

Let G be a compact group and M(G) the vectors pace of all bounded Radon 
measures on G. On C°°(G) one introduces a continuous linear form, the con- 
volution of the Radon measures /x, G M(G) by 

(m*^^)(/):=/ [ f{9i92)dMM92), /gC-(G),5i,52GG, 
Jg Jg 

satisfying the following well-known properties for all iJ^Vju' G M(G): 
(i) (a/x) -k u = jji-k {au) = a{ji ★ u); 
ill) fi -k (v + v') = /J, -k v + /J, -k u' ; 

(iii) fX-k {v i^v') = {fi-kv) k l/'] 

(iv) -k u\\ < WnW ||i/||; 

(v) M(G) is commutative if an only if G is so. 
For f,he L^{G) the convolution is defined as 

{f*h){9i):= f{92)h{92^9i)d92, 
JG 

and the convolution of /x G M(G) and / G -^^^(G) by 

ilJ-* f){9i) ■= f {92^91) dix{92), 
Jg 

which determines 

Jg 

where A is the modular function. For f,h e 1J'{G), 1 < p < 00, ^ + ^ = 1 
and /i G M(G) the functions f-kh, jik: f and f k ji are also contained in L*'(G). 
Moreover, one has 

||/*%<||/||i||%, 

< ll/^llll/llp, (5_3^ 

\\f^nh<\\f\\J ^9-'Y''d\n\{9). 
Jg 

The adjoint Radon measure is defined by 

^^*{f) ■■= I l{r^dpi{9)= I S{9-')M9)=W) 
Jg Jg 
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where we set f*{g) := f{g ^). The adjoint measure satisfies in addition to the 
defining conditions of an involution also 

= Ia*!* IIm*II = 

/ f{9)dfi*{g) = I f{g~')dti{g), and 
Jg Jg 

(^**/)(5'i) = / fi92gi)dfiig2)- 
Jg 

In particular G can be represented on the space of square integrable functions 
on G: 

P-.G — > C{l\G)) 

{P{9i)f){92) :=/(<7r'52), feL\G). 
The mapping of G on M(G) is denoted by 

A : G — > M(G) 

g ^ ^g, 

which transforms the multiplication in G to the convolution of measures 

51 • 52 ^ Sg^ *dg^. 

By the following mapping we may interprete the measures on G as operators 
on L2(G): 

P : M(G) — > C{L^{G)) 

Sg^m,) 

{PiSg,)f){g2) := f{g^'g2),gi,g2 e G,/ e ^^(G). 

where gi,g2 G G and / G L^(G). (3 is then defined for an arbitrary ^ through 
the one of one-point measures 5g, 

M{f) ■■= [ P{6g)dfi{g)=fi*f, 
Jg 

and the norm in £(L^(G)) is given by 

11/3(^)11 := sup Wfi^fh- 

f€L\G) 
II/I|2<1 

Since ^ * f is finite, see Equations 15.3^ /?(//) constitutes for all G M(G) a 
bounded operator on L^(G). 

Lemma 5.5 The mapping P is a faithful representation of M{G) on the Hilbert 
space L'^{G). 
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Proof: Linearity of (3 follows from the definition of /U*/. Moreover, homomor- 
phism property is also given: 

/3(m*i^)(/) = (/u 

f {92^91) d^l-kv{g2) 



f{92 ^9i)dy{92)d^,{g2) 



G JG 

J \9^^ 

G JG 



/? is a *-homomorphism because, due to Fubini and Equation 15.4^ for f,hG 
C°°{G) one obtains: 



{f,P{fi*){h))= / f{gi) / h{g2gi)df,{g2)dgi 

JG JG 



G JG 



f{9i)h{929i)d9idn{g2) 



G JG 



G JG 



f{92 ^9i)hi9i)d9idn{g2) 
f {92^ gi)dfJ,{92)h{gi)dgi 



= (/3(/.*)(/),/i>. 

Consider now a non-vanishing measure fi / 0, thus J^f{g-^)dn / 0, which 
passes over its continuity to fJ.* f. But = /q f[g^^)dfi and therefore 

II/" * /IP = /g 1/^ * /{"^dX is positive, i.e. (3{fx) / 0. 

□ 



Definition 5.6 Let S = 5](G) be the system of equivalence classes of finite- 
dimensional, irreducible, continuous, unitary representations of G then we de- 
fine on the Hilbert subspace Sj^, c £ T,, the representation: 

: M(G) 

/"^/3<.(/i)(/) := / 'j'ifVKg) 

JG 

Lemma 5.7 One has imjS C [im(3)" . 

Proof: The statement follows from the fact that im/3 lies in the weak closure of 
all linear combinations of 6g, g £ G. 

□ 



Definition 5.8 Let tTj, ^j) , i £ I, be a triple consisting of von Neumann 
algebras Tli acting on the Hilbert spaces S^i, i.e. vrj : — > C{S)i) for all i. If 
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we set for the direct sums := ^ Sji and £, := ^ ^j, G i^j, i/ien we define 
the direct sum of the representation as 

iei 

For each bounded sequence (Ai)i^i, Ai G QJlj, we define an operator on Sj by 

® ® 

and call the von Neumann algebra generated by these operators the direct sum 
of denoted as M := 

Definition 5.9 //2l and *B are two C* -algebras, then we denote 6y 2t(8> 05 the 
algebraic tensor product of them and follow the common definitions: 

{Ai ® Bi){A2 B2) := A1A2 51^2, 
(Ai^Bi)* ■.= Al0Bl 

for all Ai, A2 G 21 and B\, B2 G 53. The injective C* -tensor product 2t ®min 
is defined as the completion 0/ 21 (8) S with respect to the so-called injective 
C* -crossnorm 

PlUm := supIKtti (g)7r2)(^(8)5)||, (g) 5) G 21 ® 05. 

Let us now consider two I^*-algebras Tl and 91 with preduals 9Jl* and 
respectively. First of all, the closure OJl^iXi^l* of 071* 91* is seen as a closed 
subset in (OK (^mm 01)*. Since OJl* ® 01* is invariant under the algebraic tensor 
product OJt (g) 01, and therefore so is 031*0 01* , there exists uniquely a central 
projection Z in the universal enveloping (0?t (gimin 01) ~ of OJt 0min 01 such that 
O?t*0 01* = (0?l(gmin01)*Z. The fact that (0?t®mm01) is embedded in (07t*®01*)* 
which in turn is isomorphic to the 14/'*-algebra (OJt (gmin 01)~Z, justifies the 
following definition. 

Definition 5.10 The W*-tensor product 0?t® 01 of two W*-algebras Tl and 01 
is defined as the W* -algebra (OJt (gmm 01)~.Z'. 

The table given below illustrates the resulting type of the crossproduct OJligOl 
of two von Neumann algebras 031 and 01. 
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5.2.1 Groups of Inner Automorphisms 

We begin our analysis with compact groups G. We denote the system of equiv- 
alence classes of finite-dimensional, irreducible, continuous, unitary representa- 
tions of G by E = S(G). We will follow the standard definition of the following 
spaces: 

■■= ('C(i3a,G)^es) •= {iTa)aeJ:\ SUp 1 1 T,, 1 1 uniform < OO, G jC{S)a,G)} , 
£s,G := ('C(^a,G)^es) ■= {iTa)ael^\ Hm 1 1 1 1 uniform = 0, G C{9)^,g)} , 

eiD.,Gj :=|((e^,-,e)).,.i i:iia^<-|' 

where n-cr is the dimension of Sja,G- ■^^g ^ Banach space of bounded functions 
on C(Sja)- Because its elements can be seen as bounded operators on ^^.G, it 
is together with the complex conjugation as involution also a von Neumann 
algebra in C{S)). 

Let 9Jl be a von Neumann algebra of type I acting on the Hilbert space Sj 
and {Zi} its central projections with J^i Zi = 1 and being the greatest a- 
homogenous projection, i.e. the sum of i orthogonal abelian projections having 
the central support Z. Since the commutant of 9Jt is automatically also of 
type I we may choose central projections {Zj} for Tl' with the same properties. 
Due to 3ot' = 9H' n Tl" = Tt' CiTl = 3ot the projections lie in the same center 
{Zi}, {Zi} G Bgji and therefore we may introduce a finer partition of the identity 

by 

Zij := ZiZj, Zjj = 1. 

i,j 

In order to decompose the pair {Tl,Sj), let 9)ij := ZijS^, fUljj := ZijTl, Oljj 
an abelian von Neumann algebra represented on as maximal abelian which 
is isomorphic to Bart; and Sji and S^ j i-dimensional and j-dimensional Hilbert 
spaces, respectively. Then one has the following isomorphism 

mij^%j^£{f,i). 

Let {Ek} be an orthogonal family of projections in Oljj C(dJVj such that 
for all k on has Z{Ek) = 1, Ylik -E^fc = 1 and 

(93tij,i3ij) = (E{^,j®C{^i) ® C),E{mi,j ®9)i® 93t)) . 

If one chooses an orthogonal family of abelian projections {Fi := 1 x P;}, where 
{Pi} is a set of minimal projections in C{pJl) and set F := J2i Ei and P := Yli Pli 
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then one has in DTjj- C(E> £(971)) the equivalence E ^ F leading finally to 

{mij,sjij) ^ (^E{^ij-^c{^i)(^c),E{mij0 9)i0m)^ 

^ (^F{mij'^£{^i) C), i^i 9Jt)) 

We formulate this result for type I von Neumann algebras in the next theorem. 

Theorem 5.11 A von Neumann algebra (9Jl, i^) of type I has the unique de- 
composition: 

e 

where is maximal abelian and 9)i and Sjj are i-dimensional and j- 

dimensional, respectively. 

Proof: Done, see [SH V.1.31.]. 

□ 

Definition 5.12 A representation vr : 21 — > £(-^) of a C* -algebra ^ on a 
Hilbert space Sj is said to be of type I if the von Neumann algebra generated by 
7r(2l) is of type I. 

Proposition 5.13 Let {vTj}, i £ I for some index set I, be a family of pairwise 
disjoint representations of a von Neumann algebra dJl and set vr := ^f^jT^i, 
then the following statements are equivalent: 

(i) IT is of type I. 

(a) TTi is of type I for all i £ I. 

Proof: The implication (i) =^ (ii) is a direct consequence of Theorem 15.111 

□ 

Lemma 5.14 All von Neumann subalgebras 2t of are of type I and have 
the following structure: 

e 

(21, iD.) - ^ j;(Q„,„%,,J®(£(:5.),^0^(C,%)- 

i,j k 

Proof: Since -C^'q is a von Neumann algebra of type one we may apply Theorem 
15.111 Let {Ef;}, k G I for some index set I, be a family of projections in 21' 
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with E'fc = 1, the we obtain 

e 

id 

© 

i,i k 

Each part of the decomposition is finite-dimensional and therefore of type I. 
Due to Proposition 15.131 the von Neumann subalgebra 21 as a direct sum of 
them has to be also of type I. 

□ 



Lemma 5.15 Let ^ be a von Neumann algebra and G a compact group, then 
one has the following identity: 

Proof: One has obviously C (971^)". Let us assume that a^, G G, is an 
*-automorphism of Wl with its fix-algebra SDT^. Its generator 5 is a bounded 
inner *-derivation and there exists a selfadjoint element H £ dJt such that 
S{A) = i[H,A] for all A £ dJt. Since an element A € dJl belongs to the fix- 
algebra if and only if 6{A) = 0, we may write: 

= {Ae m\ 6{A) = i[H,A] = 0}. 

Thus H lies in (971*^)', the relative commutant of dJl^. This leads to the 
following chain of implications: 

Aeim*^)" =^ AB = BA, yB£{m'^y 

=^ AH = HA 

=^ a^{A) = HAH* = A. 

Thus one obtains also [Tf^y^ C Tf^ . 

□ 



Lemma 5.16 The image of the standard implementation 

vr := vr^^ : Aut(9Jt) — > U{Tl) 

a U, 

defined in Theorem \3.4^ is contained in the relative commutant of the 

fixed point algebra Tf^ := {A £ m\ g{A) = A, £ G}. 

Proof: U A em*^, i.e. a\A) = UAU* = A, then A e f/(9Jt)'. But due to 
Lemma EE] (971*^)" = {m^) C U{my leads to {m'^y D U{m). 



84 



Galois Correspondence and Non-Commutative Martingales 



□ 

Lemma 5.17 If(TT,Sj) is a representation of the C* -algebra'!^ anddJt := 7r(2l)" 
the von Neumann algebra generated by 2t, then there exists a unique linear map- 
ping vf of the second conjugate 2t** of 21 onto DJt with the following properties: 

(i) 7foi = 7r where i denotes the canonical embedding of^ in 21**; 

(ii) vf is continuous with respect to the a -weak topology. 

Proof: j51i III. 2. 2.] Let us consider the Banach space of all c-weakly 
continuous linear functionals on 5Jt and let vr* be the restriction of the transpose 
TT^ of the representation vr, i.e. tt* := ^r^lg^j . We then define 

vr := (vr^,)'^, 

which constitutes, as the von Neumann algebra 9Jt is the conjugate space of 
9Jl*, a map from 21** onto The second property is ensured by definition of 
7f and statement (i) follows directly by 

{■k{A),uo) = {i{A),TT^{Lo)) = (vf o i{A),uj), Vw G 971*, G 971. 

□ 

Definition 5.18 We call 7r(G) proper, if J^-, 7r{g)dfi{g) / for 7^ 0. 

Remark: The center 3 of 971 lies in 97t^ n (97t^)' and 7r(G) n 3 = 5^- Due 
to Theorem 13.491 the following maps of L^(G) and M{G) on (97T*^) ' are well- 
defined: 

*ii:L^(G)^(97t«)' 

/^^Li (/):=/ fig)TT{g)dg, g£G, 
Jg 

: M(G) (97t^) ' 

/i ^ vfM(^) := / Tr{g)dfi{g), g £ G. 
Jg 

Remark: vr(G) is proper if and only if ttm is injective. 

Definition of rep(G) as the equivalence classes of all representations, S are 
irreducible ones. 

Theorem 5.19 Let G be a compact group and 971 a von Neumann algebra, 
then there exists a S' := SyS*^ C S, T,^ := ker(7fjvf o o L2), such that the 
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following diagram is commutative: 



G 




Remark: In the case of 7r(G) being proper ttm is injective and hence S' = S. 
The proof of this theorem will be based on the following lemmas. 

Lemma 5.20 The mapping tt := ttm ° is * -preserving and can be extended 
to {im(3)". 

Proof: As aforementioned, the norm in (im/3)" is given by 

\\m\\= sup iim*/ii2. 

/gl2(g) 

II/I|2<1 

and the norm UttmIm)!! iii is 

||7rM(M)|| = ||7r(/x)r(/x)||V2n. 

Due to 

||/Lt*|Lt*|| > ||7fM(/^*Ai*)ll = 

the mapping ttm ° is continuous with respect to the uniform topology and 
can be continuously extended to (im/3)". 

□ 

Lemma 5.21 7r(G) is proper if and only if one has S = T,' , i.e. if tt = tt20tti 
is injective. 

Proof: Since (3 is injective, faithfulness implies properness. 

□ 
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Lemma 5.22 One has the following identity: 

Proof: One has the inclusion -C^q C im/3, since >C(^o-,g) is contained in im/3 for 
all cr G S . Let Xa be the character with respect to a G S, then due to Lemma 
12.131 := P{xa-) is a projector on C[Sja,G)- If 'C(^o-^g) C c then one gets 

C{Sj^,G) = P{Mig))e, = p{M{g))p{xa) = P{M{g) * (x.)), 
thus im/3 is a dense subset of H^- Moreover, by well-known theorems one obtains 

(£|,g)* = £Lg --=1' (aA(^.,g).,,J 
where M[S)(j,g) is the set of nuclear operators on i^o-.G) and thus 

riOO ~ /'pi \* ~ /'fO ^** 

-^s'.G — I'^So.g; — 1''^s,gJ • 
The statement of the lemma follows by Lemma 15.171 



□ 

Lemma 5.23 The kernel ofTrisa two sided G-invariant, weakly closed ideal 
of {imf3)" and hence we obtain the following isomorphisms: 

ker?f ^ £so,G' 
im^ ^ 

where S' := for some subset ofTj. 

Proof: The kernel kervf is a two-sided ideal of (im/3)". If p„ are projections of 
(im/3)" onto C{?)a,G), then £ 3(im/3)" a-iid therefore Po- • ker vr is an two-sided 
ideal in /l{S)a,G)- Since £(^o-,g) is, due to the finite-dimensionality of ^o-.Gi 
simple, the ideal is either trivial or the whole algebra £(^o-,g)- Thus we obtain: 

Pa • ker vf = ker yf = Po- • ker vf , 

where Sq := {a £ T,\ p^ ■ kervr / 0}. Evidently, the image has the structure 
given in the theorem. 

□ 



Proof of Theorem 15.191 

• I3{g) = {$ ° X){g), g £ G, is valid by definition. 
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The involution is transformed properly: 

{f3ip),h) = {f, (mm) 

f{9i^92)dn{gi) ■ h{g2)g2 



f{93)dfJ^{9i)H9ig3)dg3 



f{93)h{gig3)diJ.{gi)dg3 



1(93) J h{gig3)dii{gi)dg3 
= (/,(/3(m*))(M). 

• TT{g) = ttm ° (7 G G, by definition. 

• ^(5) = vr o f3(g) = o vf^ o (3{g), g £ G, follows by Lemma 15.201 and 
Lemma 15.221 

• = T^L^ ° '-1 is standard. 

• The homomorphism tti^i is ensured by the Peter- Weyl theorem I2.14[ 

□ 

Theorem 5.24 LetdJl, G and 7^2 be defined as aforementioned and denote the 
center 0/ SOT by = 3srrt) then one has the following identity: 

{m'^) ' = (im?f2U3)". 

Proof: We will show first the inclusion "D". Obviously, the center of 971 lies in 
{Tl'^y. First we prove im7f2 C (pJl^^ K Thanks to the commutative property of 
the diagram it suffices to show ttmCG) C (pjf^) For A £ 9Jl*^ and B £ ttmIg) 
we obtain 



BA = j 7r{g)dfi{g)A 
Tr{g)Adfi{g) 



ATT{g)dfi{g) 
= AB, 

i.e. B G (pJl^) ' and, since due to Lemma [5. 151 971^ is closed, the completion of 
im7f2 U 3 is contained in (OJt*^)'. 

On the other hand one has [ttm{M{G))]' n 9Jt C 97T<^, because for A G 
[^M(M(G))]'n2)T and B £ nM{M{G)) one has 

A / TT{g)dn{g) = / TT{g)dfi{g)A 
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for all measures ^ G M{G). We obtain in particular for one-point measures: 

i.e. A ^ 971*^. Finally, we derive: 

[^fM(M(G))]'n9Jt C Tf^ 
^ [^Af(M(G))]'n3'n97t cgji^; 

^ [7fM(M(G)) u3]'n97tC9Jl*=^ 

^ [*Af(M(G)) U3]' COJI^ 

^ [ffM(M(G))u3]"5(aJT«)'. 

□ 

Lemma 5.25 Lei G and 7^2 he defined as aforementioned and 9Jt a factor, then 
one has irrm2 = (971*^)'. 

Proof: We may apply Lemma 15.241 to the following identity: 

(im5?2)" = [(im^fz)' r\m]' r\m 

= [(im^fa)" U 9Jt'] n 9Jt 

= [im^fs n 9K] u [m' n 

= im7r2. 

□ 

Definition 5.26 Let S = (ilo-.G)^) subset of the set of all irreducible rep- 
resentations, then a compact group G is called full, if G = Ilo-gs ^(^o-,g)- ^ 
subgroup H of G is called full, if H = YItg f^(5r), where 3r is a subspace of 
S)ij,G for some a and the isomorphism is given by the restriction of the former 
isomorphism. 

Lemma 5.27 Let 

K ■■= |c e ^a,G \ ^ = y (^Wvdu for some r] G ^a.cj , 

:= |t G C{f)a,G) = j^j^ a{h)S{a{h'))Cd^ for some S G CiSj^^c] 

then £0- is isomorphic to C{^o-)- 
Proof: The isomorphism is given by 

(f : Ca > 



^{T)i := I f a{h)T{a{h'mdi,. 
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□ 

Definition 5.28 Let the set of unitaries U{S)a,G) be defined as above, then we 
call G := no-6S^(-^o".G) enveloping of the group G. 

Definition 5.29 We call G^^ := HctgE' ^(^2(^o-,g)) C (971*^)' the enveloping 
of the group G with respect to Tr2- 

Lemma 5.30 The enveloping group G of a compact group G is compact. 

Proof: G is as a product of compact groups by Tychonov's theorem compact, 
too. The continuity of the multiphcation and the inverse operation in each 
components o" E S' imphes that G is a compact group. 

□ 

Remarks: 

(i) Locally compactness of G does not necessarily imply locally compactness 
for its enveloping group. 

(ii) 7r(G) is a subgroup of G. 

(iii) o cr, where o" G S' is representation, can be extended to G and is 
obviously irreducible. 

(iv) G does not depend on the choice of dJt. 

Definition 5.31 Two subgroups Hi and H2 of G are said to be equivalent, if 
spana(H.i) = spana(H.2) for all cr € S'. 

Obviously, G and its enveloping G are equivalent. The commutative diagram 
of Theorem 15. 191 has the same structure for both groups G and G. 
In what follows we will denote by .^o-, o" G S', Hilbert subspaces of S^a,G satis- 
fying for all 0"!, C72 £ 5]': 

Furthermore, we set: 

(n^ \ I' no- 

n=l / I k=l 

Theorem 5.32 // '/r(G) is proper, then there exists an injective map from the 
set of all closed subgroups H of G and G -invariant von Neumann suhalgehras 
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21 = 2t" ofdJl, dJl^ C 2t, (which are constructed by ^g-j according to the follow- 
ing diagram: 



H 




Proof: Let H be a subgroup of G, then there exists a family of satisfying 
the aforementioned conditions which are the fix-point subspaces of by (t(H). 
Hence, we obtain 

and therefore 

On the other hand, let ^o-, a £ S', be given. Since 7r(G) is proper, one has 
thanks to Lemma 15.211 S = S' since ^Af|^2(Q) is injective, and therefore one 
can uniquely extend the mapping a ^ ^^j, a G irrep(G), to the one on rep(G) 
fulfilling the properties 15.41 Thus there exists a closed subgroup H C G such 
that 

It remains to be proved that each family a G S, defines a family R^^, 
a G rep(G). We call two of such families of subspaces {^Ra\ c S rep(G)} and 
{.^o-l <T G rep(G)} equivalent, if R^ = R^ for all irreducible o" G S. If .^o-, c G S 
is given, then we define ^o-, a G rep(G), to be the maximal elements in the 
equivalence class generated by {Ra\ o" G S}. Thanks to the lemma of Zorn, the 
existence of these elements are ensured and they are unique. 

□ 

Remark: If 7r(G) is not proper, i.e. S ^ S', then different subspaces and 
R(J2 ms-y be assigned to the same subgroup H. 
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Theorem 5.33 Let DJt be a factor and G a full group, then there exists a 
bijective map between the set of full subgroups of G and the set of subalgebras 
03 of (dJl^y with 53" = and hence to the set of subalgebras ofWl containing 

Proof: Let H be a fuh subgroup of G, then 7r(H) C (OJt*^)' and we define the 
map 

:5u(G) ^2l[0((9Jt^)') 

H^p^(H) := {m^y 

Property (9Jt^)" = is given by Lemma [5.151 We state for the inverse map: 

It remains to be shown that p^^(*B) is a fuh subgroup of G. Let us assume 
03" = *B C (971*^)'. Since 971 is a factor, we may write due to Lemma [5.251 
(971^)' ^ imvfz. We define H := p-i(H(03)) ^ il(!B). Since H is closed and as 
the subset of a compact group it is also compact and (9Jt^)' = 03. Lemma r5. 241 
ensures the isomorphism (jXfl^y = £^ jj and therefore we obtain H = ll(*B) = 
rio-GS^ ^(-Qo-.h); i-e. H is a full subgroup of G. 

□ 



Remark: The subalgebras of £^ jj are isomorphic to algebras of the following 
structure: 



VaeE" / 



for some S" C S' 



Theorem 5.34 There is a one-to-one correspondence between equivalence classes 
H of closed subgroups H o/G and von Neumann subalgebras 21 o/9Jt, such that 
21" = 2t and 21 is the fix-point algebra under each subgroup of the equivalence 
class of H. 

Proof: If H is given, then the fix-point algebra fulfills thanks to Lemma 15.151 
(971^)" = 9Jt^. Let Hi be in the same equivalence class of H, then span(T(Hi) = 
spanf7(H) for ah a G S' and hence (9Jl^i)' = {^^Y, i-e. Tl^^ = 9Jt^. 
Contrariwise, let 21 = 21" be a von Neumann subalgebra with Wl^ C 21 C 971, 
i.e. {Tl^Y D 21', then, since (971^)' = {dJl^Y and {m^Y ^ UaeS"^{^<^,G) , 
21 is as a subalgebra isomorphic to YiasT,' ^{■^'^,g/^(7) ■ The subspaces 3o-, 
a £ rep(G), constructed for G as in the proof of Theorem 15.321 obviously 
satisfy the conditions 15.41 We define H as the product of the group of unitary 
operators on 9)a,G, which are the identity on ^^j. Therefore, H is a closed 
subgroup of G with 2t = 9Jt^ . 



□ 
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5.2.2 Groups of Spatial Automorphisms 

Lemma 5.35 Let := {A e 9Jt| aS{A) = A, 'ig e G}, then the image of 
TTa is in {Tl^y . 



□ 



Proof: By definition one obtains ■Kci{g)A = ATTci{g) for all A G 9Jt*^. 

Remark: The center 3 of lies in Tl^ n (9Jt*^)' and 7r(G) n 3 = 5^ 

Lemma 5.36 There exists a homomorphism G — > ^{^) such that 

a^iA) = T^gAT,-\ yg G G. 

Proof: Since each (7 € G acts as an inner automorphism on C{^) we apply 
Lemma 15.161 

□ 

Theorem 5.37 There exists a set S' := TP := ker(7rj\,f ° ii° L2), such 

that the following diagram is commutative: 




M(G) 



where 6 := {5 G STl = mS}. 

Proof: Since G acts as an inner automorphism group on one may refer 

to the proof of the inner case, Theorem 15.191 

□ 

Lemma 5.38 The following statements hold: 
(i) [(£(iD)^)'n6]' = 2Jt^ue'; 
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(ii) {C{9))^)' = [inn:)"; 
(in) 9Jt^ = {irmrY; 

(iv) (93tG)'= ((£(i3)G)'u9Jt')"; 

(v) im-K^Ti' = CI. 
Proof: 

(i) Due to m' C 6, therefore m = m" ^ &, and [{C{f)))'^]" = 
one obtains [{C{S^)^)' n 6]' = [C{Si)^ U 6'] n 9Jl = U 6'. 

(ii) This relation follows from the fact that tt maps G onto the unitary ele- 
ments of 9Jl. 

(iii) This is a consequence of {ii). 

(iv) (9nG)'= ((/:(i3)Gn$H)')"= ((£(^)G)'uajt'); 

(v) This is a direct consequence of tt mapping G on the unitary elements of 

m. 

□ 

Remark: Since & lies in 3, statement {i) of the lemma reduces for factors 9Jl 

to ([c{^)^]' n&y = m^. 

Theorem 5.39 One has the following identity: 

(571^)'= (zm^2U3)". 

Proof: First we prove im7f2 ^ Thanks to the commutative property of 

the diagram it suffices to show ttm (G) C [Tl'^y. Let AeTl*^ andB e ttmIG), 
i.e. 

BA = J 7T{g)dn{g)A 

= j <9)Adii{g) 

= J ATT{g)dn{g) 
= AB. 

Hence B G and finally we conclude: 

[Tf^y D im??2U3 
<^ Tf^ C (im5f2U3)' 
<S=^ C (im7f2U3)' 

^ (ajlG)'D(im7f2U3)". 
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On the other hand one has OK*^ 5 (7rj\/(G))'n because for ^ G {n m (G))' ndJl 
and B G 7T"m(G) one has 

AB = aJ TT{g)dis{g) = J 7T{g)dfiig)A = BA 

for all measures jJL £ M(G). We obtain in particular for one-point measures: 

^7r(fi(o) = T^{gQ)A, 
^ ^(5o)^vr(5o)~^ = A, V50 G G, 

i.e. As OJt'^. Finally, we derive: 

5 (7fAf(G))'n9Jt 

^ D (^fM(G))'n3'na7r 

^ D (^fA/(G)u3)'n9Jt 

^ 971^ 5 (7fA/(G)u3)' 

^ (9?t^)'c(7fM(G)u3)". 



□ 



Lemma 5.40 Let J he the modular conjugation, then one has the following 
identity: 

'(an')^l' = (5.5) 

Proof: First of all, SOT' is invariant under the action of the automorphism group 
a^, since for each A G 9K' there exists an element E 971 with A = JBJ, such 
that 

UgAUg^ = UgJBJUg^ = JUgBUg^J G m' 



for all g £ G. The commutation of the operators is ensured by Theorem 13.491 
The statement of the lemma is equivalent to 



(93t')' 



If j4 G J9JI J, then there exists an element B of 9Jt with A = JBJ and one 
obtains: 

UgAUg^ = UgJBJUg^ = JUgBUg^J = JBJ = A, Vg G G. 

Thus A lies also in (SOT') • Contrariwise, let us suppose A G (9Jt') , then there 
is an element -B G 9Jt with A = JBJ and one concludes: 

A = UgAUg^ = UgJBJUg^ 

^ JBJ = JUgAUg^J, yg G G. 
Therefore B G dJl^ and A is contained in JVJt^J. 



5.2 Galois Correspondence for Compact Groups 



95 



□ 

Theorem 5.41 //7r(G) is proper, then there exists an injective map from the 
set of all closed subgroups H of G and G -invariant von Neumann subalgebras 
2t = 21" ofTl, Tl^ C 21, (which are constructed by according to the follow- 
ing diagram: 



H 




where the are subspaces of Sja satisfying the conditions \5.4\ 

Proof: Thanks to properness of vr, we get as for the inner case (imvTH)" 7^ 
(im-TTG)" via the construction of the .^o-. By Lemma l5.38l this implies 7^ 

[C{S})^]'. Furthermore due to Lemma [Oil one has {m^)' = U 

= xi„ H acting on Sj. But 971' H / Tl' ><„ G holds since C H 7^ 
C Xc« G. 

□ 

Theorem 5.42 Let dJt be a factor and G a full group, then there exists a 
bijective map between the set of full subgroups of G and the set of subalgebras 
53 of (9Jt^)' n 6 with iB" n 6 = !B and hence to the set of subalgebras of 971 
containing 9Jt^. 

Proof: Let H be a full subgroup of G, then ^(H) C (971^)' n © and we define 
the map 

:i?u(G) ^2ll0((97t^)'ne) 
H^p^(H) := (97t^)'n6 

We state for the inverse map: 

p-\^) =7r-\^), VQ5 G2t[g((97t^)'n6). 
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It remains to be shown that p^^{^) is a full subgroup of G. 
Let «B"n6 = 55 c (9Jt<^)'ne. Since 9Jt is a factor, we may write due to Lemma 
[QHl and Theorem[539](9?t'^)'n6 ^ im^2- We define H := p-i(il(<B)) ^ it(5S). 
Since H is closed and as the subset of a compact group it is also compact and 
{m^y n e = «B. Because {m^)' n 6 ^ (©aes^, ^(-^.^.h)) we obtain 
H ^ il(«B) ^ riaesij ^(^i^,h), i.e. H is a fuh subgroup of G. 

□ 

Theorem 5.43 There is an one-to-one correspondence between equivalence classes 
7i of closed subgroups H of G and von Neumann subalgebras 21 of Tl, such that 
21 is the fix-point algebra under each subgroup of the equivalence class o/H.. 

Proof: Since G acts as an inner automorphism group on C{Sj), we refer to the 
proof of the inner case. 

□ 

5.2.3 General Case 
Lemma 5.44 The map 

■■ M{G) {{Tl x„ G)*^)' n 6, 
where 6 := {S £ C{L^{G,fj)\ S{m >Sa G) = {M x„ G)S}, is injective. 
Proof: The map ttm is injective since for 7^ ^ E M(G), as defined by 

7i"A/(/u) = / Ugdi^i{g), 
Jg 

there exists at least one / G L^(G) such that 

t^m{ii){v f) =^(^*/) 

for all rj £ Sj. 

□ 

Theorem 5.45 There exists an map from the set of all closed subgroups H o/G 
and G -invariant von Neumann subalgebras 

Proof: Due to Lemma 15.441 the map ttm is injective and thanks to Theorem 
13.511 we may apply Theorem 15. 41[ 

□ 

Corollary 5.46 There exists an injective map from the set of all closed sub- 
groups H of G and G -invariant von Neumann subalgebras 21 = 21" of DJt, 

m*^ c 21. 
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Proof: Set 21 := Oln^Jt. 

□ 

Theorem 5.47 Let 9Jt G be a factor and G the enveloping group, then 
there exists a bijective map between the set of full subgroups of G and the set 
of subalgebras of (DJl G) Pi & with DT" H 6 = and hence to the set of 

subalgebras o/9Jt G containing (DJl x^ G) . 
Proof: Apply Theorem 15.421 

□ 

Example 5.48 // the action of a countably infinite discrete group Gr on an 
abelian von Neumann algebra dJt is free and ergodic, then the corresponding 
crossed product is a factor fSl. V.7.8]. 

Definition 5.49 The restriction of the enveloping group to 9Jt is defined as 
Go := {g G G| a9{m) = m}. 

Theorem 5.50 If a : G — > Aut(9Jt) contains all irreducible representations, 
then the map of the set of all closed subgroups of Gq to the set of all subalgebras 
21 with C 2t C 9Jt zs bijective. 

Proof: Apply Theorem 15.431 

□ 

5.2.4 Minimal Action 

The aim of this section is to localise the case investigated in [30] in the frame- 
work of this thesis. There, the authors analyse the minimal or outer action 
of a compact or discrete group G, respectively, on a factor Tl with separable 
predual. 

Minimal action, i.e. (Tl^)' n 9Jt = Cl, is a crucial assumption in their inves- 
tigation since it implies central ergodicity of a which is equivalent to 91 x „ IR 
being a factor for all fixed-point von Neumann subalgebras of 971, confer 
Remark 4.5 of [30]. Moreover, their approach relies heavily on the existence 
of an unique normal conditional of 9Jl onto all intermediate subfactor which is 
ensured in case of minimal action by Theorem 14.81 Consequently, they obtains 
a one-to-one correspondence between closed subgroups of G and subfactors of 

m. 

The ansatz of our analysis is more general because we do only demand of the 
crossed product to be a factor or equivalently central ergodicity of a. Minimal 
action restricts our formalism to only spatial automorphisms as in [SO]- 

Lemma 5.51 The set (9Jt^)' n S consists in the case of minimal action only 
of 'spatial' operators. 
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Proof: 



{m^yn6 = {m'^Yn [mue\m] 
= ciu [(ajt^)'n6\9Jt 

= e C{S3)\ SA = AS yAeTl^,S^Tl 



} 



□ 



5.3 Non-Commutative Martingales 

As announced, this section contains first steps towards a full analysis of the 
interplay between Galois correspondence for von Neumann algebras and non- 
commutative probability. We want to conclude this chapter with the application 
of our results to non-commutative probability, namely we begin by identifying 
non-commutative martingales in our apparatus and then show for them a non- 
abelian version of Theorem 14. 4[ 

Proposition 5.52 Let G be a compact group then for faithful, normal and 
semifinite state ip : 9Jt — > [0, 1] on the von Neumann algebra 9JI 



is also a faithful, normal and semifinite state on DJl. Moreover, (j) is G-invariant. 
Proof: Let ip be faithful, see Definition 13.191 then one obtains for all positive 



Jg 



element A* A of dJl: 



ct>{A*A) = [ (a^)* 



{ip){A*A)df,{g) 



Jg 




> 0. 



Normality of the state cp, confer Definition 13. 20^ transfers also to (j): 




Jg 

(j){l.U.h.nAn). 
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Finally, if we suppose to be semifinite, then by Definition 13.211 the state (j) is 
so, too, because ^p{A) < oo implies (piA) < oo and the set 

m'l := {A e m+\ (piA) < oo} 



has to be dense in Tl. 

□ 

Theorem 5.53 Let (9Jt, ip) he a non- commutative probability space and H a 
closed subgroup of the compact group G then the mapping 

£u-^ — 

A ^ £uiA) := / h{A)dn{h) 
Jh 

is a conditional expectation ofdJt onto Wl^ with respect to (p. 

Proof: Obviously, is a mapping onto OJt^ and satisfies the conditions of 
Definition 14.51 namely: 

(i) \\£Yi{A)\\ = \\S^h{A)d^,{h)\\ < j^\\h{A)\W{h) = \\A\\- 

(ii) £ii{A) = /jj h{A)dfi{h) = A since h{A) = A; 

(iii) The third property is a consequence of translation invariance of the Haar 
measure: 



ct>o£ii{A) = l^g' (^if j^h{A)dfi{h) ^ 

= 11 g\ip[h{A)\)dii{h)dii{g) 
= 11 ip[g o h{A)]dfi{h)dfi{g) 

JG JU 

ip[go h{A)]dn{g)dn{h) 

^[giA)]df,{g)dfi{h) 

^[g{A)]dfi{g) 
ct>{A). 



dfi{g) 



H JG 



H JG 



G 



□ 



Theorem 5.54 Let (dJl,ip) be a non- commutative probability space, G a com- 
pact group and (H.t)teJ o- sequence of closed subgroups of G with D for 
s < t and H*^ = G. Then the family {Xt)t£T of random variables on {dJl,(p) 
adapted to the filtration (9Jt^*)^^^ constitutes a non- commutative martingale. 
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Proof: According to the following diagram for t > s 

21 > m 

we obtain: 

£{Xt\m^^)=£HAXt) 

= I h{Xt)dii{h) 

= I I hoh'{X)dfi{h')dfi{h) 

= / [ hoh'{X)dnih)dnih') 

= I I h{X)dfi{h)dn{h') 

= [ h{X)d^l{h) 
= £nAX)=Xs. 

□ 

We want to give now a non-abelian version for the convergence theorem, The- 
orem 14.41 

Theorem 5.55 Let (Xt)teT be a non- commutative martingale satisfying 

E{\XIX,\) < E{\X*X2\) < ... 

and 

weak- lim E(\X*Xi\) =: c < oo, 

woo 

then Xoo := strong- limj^oo exists and the family {Xi, X2, Xoo) consti- 
tutes a martingale. 

Proof: Since the sequence of expectations is increasing and bounded, its weak 
limit and, therefore, the weak limit of the sequence (^X^ Xt)t£T are given. But 
the existence of the latter one is equivalent to the existence of the strong limit 
of the sequence {Xt)t£T, confer for more details [Ml Lemma II. 2. 5]. 
Furthermore, the martingale property of {Xt)t£T 

£{Xt\m^'') = Xs, s<t,s,t€T, 
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leads, due to continuity of the conditional expectation, to 

strong- lim 6(Xt\^m^') = Xs 

i— >oo 

<S=^ f (strong- lim Xt\^m^') = Xs 

^ £{X^\Tl^') =Xs. 

Thus, the martingale property for the family {Xi,X2, ...,Xoo) is also ensured. 

□ 
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Chapter 6 

Summary and Outlook 



There is something fascinating about science. 
One gets such wholesale returns of conjecture 
out of such a trifling investment of fact. 

Mark Twain 

This thesis has been concerned with the interaction of Galois theory, operator 
algebras and non-commutative probability theory. 

It has been shown that classical Galois theory is a powerful tool in the analysis 
not only of fields but may play a decisive role in operator algebras as well. We 
have given a new approach for its application to a von Neumann algebra 9Jl for 
which we analysed one-to-one correspondences between subgroups of a compact 
group G and von Neumann subalgebras of 9Jl without demanding neither fur- 
ther restrictions on the nature of the action of G nor additional properties for 
the subalgebras, contrary to the existing literature. 

Based on the ansatz of Coja-Oghlan and Michalicek [2], we have continued 
the introduction of non-commutative probability theory, namely we proposed 
non-abelian analogues of stochastic notions and objects such as conditional ex- 
pectation, stochastic independence, stochastic processes and martingales. 

Future investigations on the subject of this thesis may consider two different 
directions, namely the generalisation of its mathematical foundation and the 
quest of applications to other disciplines. 

The generalisation and implementation of this approach to locally compact 
(abelian) groups is under investigation, but it is not clear if one may benefit 
from more general formulations of Peter- Weyl theorem. Abelian locally com- 
pact groups have been analysed by Connes and Takesaki [T6]. Since we have 
emphasised here the appearance of non-commutative martingales in our frame- 
work of Galois correspondence, non-commutative probability in general and 
stochastic processes in particular may be dealt with in a more systematically 
manner. 

As mentioned in the introduction, both subjects Galois correspondence for von 
Neumann algebras as well as non-abelian probability theory may be deployed 
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on several fields. One of them is obviously mathematical physics, especially the 
algebraic formulation of quantum field theory where von Neumann algebras 
play a central part and any information on the nature of their substructure 
is of decisive significance. Non-commutative stochastic processes will obtain 
increasing influence, because they are tailored perfectly for the description of 
quantum effects in classical processes such as the Brownian motion. Another 
not so apparent field of implementation is financial mathematics where the 
first steps are already made, to wit formulating a non-commutative analogue of 
Black-Scholes equations |[2l], [12]. 



Notation 



C (ri) vector space of ^-times continuously differentiable 

functions on O 
Coo(i^) vector space of continuously differentiable 

functions on vanishing at infinity 

= C^(il) continuous functions on 

c°°{n) = n{c'(f^)| / G No} 

B{W) = {/ e C°°(]R")| Va e : sup{|D''/(a;)| \x G M"} < 00} 

S'{^1) dual space of £{i^) 

V'{n) dual space of V{n) 

5'(IR") dual space of P(IR") 

X normed space 

X* dual space of X 

(u, (p) Application of the distribution u on cj) E X 

{u,4>) = {u,'4>) 

u Fourier transform of u 



{X e {£{^),V{yL),S{l£C)}) 



G (locally) compact group 

G := Haes ^(^<^,g) ' enveloping of the group G 

H subgroup of G 

Hilbert sapce 
^ subspace of S) 

orthogonal complement of ^ 
C{Sj) set of bounded operators on H 

a : G — > jO.{Sj), representation of G on >C(^) 

Ku Weyl operator 

Dij (g) matrix elements with respect to a 
X)(G) coeflBcient algebra 

S = S(G) equivalence class of finite-dimensional, irreducible and 

unitary representations 
x{g) characters with respect to a 
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(fl,A,P) classical probability space 

(SOT, (/?) non-commutative probability space 

A, "3,3^ (T-algebras 

B Borcl-c7-algcbra 

X, Y random variables 

{3^t)tei classical filtration 

(p}lt)tel non-commutative filtration 

£ conditional expectation 

11 J7*-algebra 

21, «8 C*-algebras 

9K, 91 von Neumann algebras 

(21, G, a) C*-dynamical system 

(9Jt, G, a) Vl^*-dynamical system 

3 center 

21^^ universal enveloping of 21 

21* dual of 21 

21* predual of 21 

& state space 

^ factor state space 

^ pure state space 

21' commutant of 21 

W(2l) unitary elements of 21 

[A, B] := AB - BA, commutator ofA,Be jCiSj) 

21' := 21' n 21, relative commutant of A 

93t^ G-invariant subalgebra 

(^w) TTj^) Co;) cyclic representation with respect to lo 

u,ui,U2 states on 93t 

S, J, A Tomita oerator, modular conjugation, modular operator 

cr*(A) := A**74A~** modular group of automorphisms on 9Jl 

cr^ modular automorphism group on SUt with respect to the state lo 

Ft Connes' cocycle 

S derivation, infinitesimal generator 

E = S(G) equivalence class of finite-dimensional, irreducible and 
unitary representations 
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Aut(fm) 

Inn(aJt) 

Spa(fm) 

Out(an) 

a 

(3 

A 

1-2 
SO 

S' 

Ooo 



group of automorphisms of Tl 
group of inner automorphisms of 9Jt 
group of spatial automorphisms of 971 
group of outer automorphisms of 9Jt 
G — > Aut(9K) 

M(G) ^£(l2(G)) 

G — > M(G) 

C\G) — y M(G) 

C^{G) L\G) 

G — > C{L'^{G..m)) 

Li(G) (971^)' 

L\G)-^S:l^ 

M(G) (9Jt^) ' 
crossed product of 971 by a 
:= ker(7rM o ii o L2) 
:= E\E0 

iTa)aei:\ {Za 11^- lluniform) ' < ^^^^ ^ ^(^c.,g) 

(Ta)aes| SUp^ 1 1 1 1 uniform < OO, T^^ G C{?)a^G)^ 
= {(T;t)(tGs| lim^ 1 1 T'a 1 1 uniform = 0, G /:(^(^,g)} 
= {((e,-,C'^)).eEl Efe=llle^f <Oo} 
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